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I. PRELIMINARIES 


1. As usual, numbers in square brackets refer to the references 


at the end of the pamphlet. 


Sections, equations, and theorems are numbered consecu- 
tively throughout each chapter. References such as §13, (13), 
and Theorem 13 refer to section 13, equation (13), and Theorem 
13, respectively, in the chapter in which the reference occurs. 


- References to a different chapter are preceded by a Roman 


numeral specifying the chapter. 

2. The purpose of this pamphlet is to give a detailed develop- 
ment of the results outlined in [13]; this is done in III. The re- 
sults are summarized in III Theorems 3 (p. 63) and 4 (p. 64). 
Theorem 3 exposes a one-one correspondence between all real 
entire functions, f’(z), (f’(0) =1), of finite order and with an 
infinite number of zeros, all of which are positive, and a class of 
Riemann surfaces (which is specified in detail in III, §§17-18); 
each surface is simply connected, parabolic, and has an infinite 
number of algebraic branch points and a finite number of 


- logarithmic branch points. 


Specifically, the correspondence is between f’(z) and the Rie- 
mann surface for the inverse of the entire function f(z). The 
reason for focussing attention on f’(z) rather than f(z) is that 
various questions of convergence in the proof of Theorem 3 de- 
pend heavily on the symmetry expressed by the fact that f’(z) 
has only real positive zeros. In general the zeros of f(z) have no 
such simple property. 

Theorem 3 constitutes a very special extension of the results 
of Nevanlinna [16] and Elfving [5] on Riemann surfaces with a 
finite number of algebraic and logarithmic branch points. The 
complications arising from an infinite number of algebraic 
branch points are offset by the symmetry imposed. 

III Theorem 4 is concerned with the asymptotic behavior of 
the functions f(z) and f’(z). The proof of Theorem 4 depends on 
Theorem 3; that is, both the specific form of f’(z) as an infinite 
product and the structure of the associated Riemann surface is 
involved in the proof. Essentially, Theorem 4 describes the 
sectors (sometimes crooked) in the z-plane corresponding to the 


] 
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asymptotic values of f’(z) and f(z). These results involve no é 
restrictions on the regularity of the sequence of zeros of f’(z), 
which is in contrast to results such as those of Lindeléf [17, pp. 
217-221]. 

3. The basic tool in the proof of III Theorem 3 is Carathéo- 
dory’s theory of kernels [3, 4, 1, 2, 11, 6, 26]. Carathéodory’s 
paper [3] contains all the essential ideas, but the formulation is 
not general enough for our purposes. The most complete treat- 
ment is that of Volkovyskit [26]. However, Volkovyskii’s defi- 
nition of kernel seems unnatural for the following reason: 
“exceptional points” should not be included in a kernel unless 
they are (in the appropriate sense, see II §25) included in all 
but a finite number of the Riemann surfaces in the sequence. 
Strangely enough, the non-uniqueness of kernels seems to have 
passed unnoticed (see II §21). 

In II we givea reasonably complete development of the theory 
of kernels, culminating in II Theorem 11 (p. 33), which is the 
basic tool in proving III Theorem 3. We show by example that 
none of the hypotheses of II Theorem 11 can be dropped. 

4. The method of proving convergence in III §§20—21 is essen- 
tially that used by Polya [20] and Lindwart and Polya [10] in 
considering the limiting functions of a sequence of polynomials 
with real zeros. For a general summary see Obrechkoff [18]. 

The rest of this chapter is devoted to definitions, theorems, 
and lemmas which are essential in IT and III. 

5. Notation and terminology. We shall use capital script let- 
ters to denote Riemann surfaces; in particular, Z and @W are 
used to denote the z and w spheres respectively. By z-plane 
we mean the finite plane etc. 

The symbols A’, A~, and A? are used to denote the comple- 
ment, closure, and interior, respectively, of the set A as a sub- 
set of some space. 

By a Jordan curve on a Riemann surface ¥ we mean any 
simple closed curve on ¥. The genus of 7 is the maximum num- 
ber of disjoint Jordan curves which may be removed from ¥ 
without disconnecting 7. 

If 7 is a Riemann surface given as a covering of a Riemann 
surface 7, then we denote by } the unbranched covering of Fo 


lie ac 
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_ obtained by deleting the branch points of ¥ relative to 7p. 


Branch point will always mean algebraic branch point; log- 


_ arithmic branch points will be referred to by full title. The 


order of a branch point is the multiplicity of the corresponding 
zero of the appropriate derivative. 

We shall say that the complex valued function f(P) is mero- 
morphic on 7 if and only if f(P) is defined, uniform, and regular 
except for isolated poles on 7, that is, fis uniform and of rational 


_ character on #. We shall say that f is holomorphic on ¥ if and 


only if f is meromorphic on ¥ and has no poles. A function f, 
meromorphic on 7, is schlicht if and only if Pi, PEF, Pi xP 
implies f(P1) ¥f(P2). 

Let w=f,(P), »21, be a sequence of meromorphic functions 
on 7. We shall say that f,(P)—f(P) subuniformly on 7 if and 
only if f,(P)—f(P) uniformly (in the spherical metric of W) on 
any compact subset of 7. If fa—f subuniformly on 7 then f is 
either =~ or meromorphic on ¥. The holomorphic functions 
fnx(P) are subuniformly bounded on 7 if and only if they are 
uniformly bounded on any compact subset of 7. A family of 
meromorphic functions f, is normal on 7 if and only if every 
subsequence of the functions contains a subsequence which 
converges subuniformly on 7. 

6. We collect here several well known distortion theorems, in 
a form convenient for our purposes, to which we shall refer re- 
peatedly. References for Theorems 1 and 2 will be found in 
[21, Abschn. IV] for example. The obvious changes of variable 
give Theorems 1a and 2a. For Theorem 3 see [7, p. 175]. 


THEOREM 1. (Koebe) Let w=f(z)=ao+aiz+ -- + be holo- 
morphic and schlicht in | z| <R and map | z| <R onto a domain 
Dy. Then Dw contains the disc 


| w — ao| <4| ai] RB. 


Also, 
| az | | a2 | 
(@+|2|/R?= If) 001 SG Ta /® 


and 
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1—|2z|/R ‘ 1+|2|/R__ 
losl Taf me = 7! Sle] Ga ae 


THEOREM 1a. Let w= f(z) =ao+ai/z+ - - - be holomorphic and 
schlicht in |z|>R and map |2|>R onto a domain Dy of the 
w-plane. Then Dy contains the disc 


| w — ao| <|a,| /4R. 


THEOREM 2. (Bieberbach) Let w=f(z) =aiz+ao+ -- - be 
schlicht in |z| >R and map |2| >R onto DuCW. Then D, con- 
tains the disc |w—ao| >2|a:| R. 

THEOREM 2a. Let w=f(z) =a_12-'+a0+ +++ be schlicht in 
z| <R and map |2| <R onto DuCW. Then D, contains the disc 
w—do| >2|a4|/R. 

THEOREM 3. Let D be a domain in the 2-plane, containing z=a. 
Let w=f(z) be holomorphic and schlicht in D, f(a) =b. If B is a 
compact subset of D, then there exist constants M and k, depending 
only on D, B, and a, such that 


lf) -—b| Ss u|f@|, 2 € B, 


1 
Sl@lslf@lselrol, sE 8B, 


The first inequality remains true for D a domain tn Z. 


7. The following unicity theorem is easily proved by using the 
conformal map of the universal covering surface of ¥ onto 
| z| <R<o. A similar theorem of Rado [23] does not assume 
f'(0) =1; we make this assumption in order to include the 
punched sphere in the theorem. 


THEOREM 4. Let f be any Riemann surface which is (topo- 
logically) not the sphere. Let Po be a fixed point of F and i a local 
parameter at Po: t=0. If the conformal map f: fF ts one-one 
onto a subsurface FiCF, and tf Po—Po and 


ila 
preity ns 


t=0 


then Fi =F and f 1s the identity. 
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8. The following three theorems of Lindeléf will be useful in 
Chapter ITI. 


TueEoreEM 5. [17, p. 65]. Let f(z) be holomorphic and bounded 
in the sector |arg 2| <B. Let L be a continuous curve lying in 
|arg z| <B and running to ~. Let 

lim (2) =a. 


ze 21 
_ Then, for e>0, f(z) a as 2%, uniformly in | arg | SB-e. 


THEoREM 6. [17, pp. 61-62]. Let L, and Lz be two simple con- 
tinuous disjoint curves in the z-plane, each running from 0 to ~. 
Let one of the domains bounded by In\—VLy be D. If f(z) ts holo- 
morphic and bounded in DJUL,\UL: and 

lim f(z) ="c,; z€L,,n=1,2 


20 
then a, =: and f(z) a; uniformly as 2 in D. 


THEOREM 7 [24, pp. 177-8]. Let Li, Lo, and D be as in Theorem 
6. Let D be contained in the sector larg | <j. Let f(z) be holo- 
morphic in DJI,UL, and satisfy 


f(z) | < Aelal®, A, a constants, 
in D and | f(z)| <B on L1UL2, If oB <1/2 then | f(z)| <B in D. 


9. To investigate the asymptotic behavior of real entire 
functions we will make use of Iversen’s theorem. Let f(z) be 
meromorphic and let a be a constant. Let the family of (con- 
nected) domains D,, p>0 be characterized by: 

1° D, is bounded by level curves on which 


| #@) — a| =p, (| f(2) | = 1/p, if « 


Il 


0), 


and 


©), 


| f(z) — a| < pinD,, (| f(@) | > 1/p, if @ 


2° If p1<pe then D,,CDp;. 

3° The domains D, are all unbounded. 
Such a family of domains defines a singularity of the Riemann 
surface G' of the function inverse to w=f(z). The set of all curves 


ad 
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I in the z-plane, running to « and such that 
Tf\{ |e) >tie ee p> 0, 


for some function M, form an asymptotic tract of f(z) [25, p. 
137]. As z~ on any such I, f(z)—a, and a is the asymptotic 
value associated with the tract. 


IVERSEN’s THEOREM. There exists an asymptotic tract asso- 
ciated with each family of domains satisfying 1°, 2°, and 3°. The 
correspondence between the singularities of G and the asymptotic 
tracts of f(z) is one-one. [9], [25], [17, pp. 274-5]. 


10. In III we shall study certain entire functions f(z) which 
have asymptotic values in various domains which are not of the 
form a<arg z<b. To avoid cluttering up the development of 
III we give the appropriate definitions and results now. 

A domain D of the z-plane will be called a sector if and only if 
D is simply connected and bounded by a simple continuous 
curve C with both ends at ; that is, on Z, D is a Jordan 
domain with © as a boundary point. A sector of the form 
a<arg (—20) <8 will be called a linear sector; a sector which 
is not linear is crooked. If [CD is a continuous curve: z=2(f), 
0<t<1, such that 2(t)—>« as t—1 we shall call Ta path in D. 

Let D be a sector in the z-plane and let f(z) be meromorphic 
in D. Let z=®(W) map the linear sector | arg W| <a, a con- 
stant, 0<aSm, conformally onto D with the points at © cor- 
responding. Let f(z) =f(®(W)) =F(W). We shall say that f(z) 
has the asymptotic value a (finite or infinite) in D if and only tf: 
for any e>0, F(W)—a uniformly as W- in | arg W| Sa-e. 

To justify this definition we note the following facts. 

1) The choice of a is of no consequence; transformations of 
the form W—VW* allow us to alter a at will. For the present we 
will assume that a=7/2. 

2) The particular choice of the map ® is immaterial so long 
as the points at ~ correspond. This is clear if one considers the 
image of | arg W| <7/2—e under any linear transformation, 


W—AW + Bi, <Aand B real, A > 0, 
mapping RW>0 onto itself and preserving ©. 


$ 
: 
| 
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4 
3) We shall say that f(z) has the asymptotic value a uniformly 
in D if and only if f(z)—a uniformly as zo in D. By Cara- 
théodory’s theorem z= ®(W) maps RW=0 continuously onto 
DUC and hence 


(1) { z= 6(W)— ~, uniformly as W > © inRW = 0, 
W = @ (2) > ow, uniformly as 3— © in D-, 


- It follows that if f(z) has the asymptotic value a uniformly in 
D then f(z) has the asymptotic value a in D. 


11. Instead of using the map ® we may proceed as follows. 
Let 2 be a fixed point of C; 29 separates C into two infinite arcs, 
Co and C;. Let u(z) be the harmonic measure [17] of C, in D, 
that is, u(z) is the unique function which is bounded and har- 
monic in D and assumes the boundary values 0 and 1 on Cy and 
C; respectively. Denote by D,, 0<e<1/2 the subdomain of D 
defined by e<u(z) <1—e. Then f(z) has the asymptotic value a in 
D tf and only wf: for all e>0, f(z) a uniformly as 2-0 in D,. 
That this property of f(z) is equivalent to F(W)—<a uniformly 
as Wo in | arg W| <a/2—ne is clear. 

12. We now derive some useful lemmas which also show that 
asymptotic values associated with sectors, as defined in §10, be- 
have in a reasonable fashion. 


Lemna 1. Let D; and Dz be two sectors in the z-plane such that 
Ditv{|z| >My =D.0{|2| > mu} 


for M sufficiently large. Let f(z) be meromorphic in Di\UD2. Then 
f(z) has the asymptotic value a in D, tf and only if f(z) has the 
asymptotic value a in Ds. 


Proof: If u; and uw, are the two harmonic measures, as in §11, 
then, for M sufficiently large, u1— 2 is harmonic and bounded 
in Dy\{|z| >} and has the boundary value 0 except for 
points of |z| = M. Hence u:—u2—0 as z> in D, or D2. Thus 


Die {| 2| > Me} C Dae {| 2] > Me} 


and if f(z) has the asymptotic value a in D, then f(z) has the 
asymptotic value a in Dj. 
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Thus alteration of any finite portion of D will not affect 
asymptotic values in D. The following lemma is also easy to 
prove. 


LemMA 2. Let D, be a sector bounded by Cy. There exists a patr 
of curves C and C’ running on either side of C: and bounding a 
neighborhood of C; such that: if Dz is a sector whose boundary C2, 
runs between C and C’ and separates C and C’, then any f(z) 
meromorphic in Di\Dz has the asymptotic value a in D, 1f and 
only if f(z) has the asymptotic value a in Do. 


Lemma 3. Let D and D’ be two sectors in the 2-plane, bounded 
by Cand C’, and such that D’ is eventually contained in D, that ts, 
there exists a constant M such that 


DO a > MG, 


Let u(z) be a harmonic measure associated with D as in §11. Let 
I’ be a path in D’ such that for zET, 6Su(z)S$1—6, where 6 1s a 
constant, 0<6S1/2. 

Let f(z) be meromorphic in DUD’. If f(z) has the asymptotic 
value a in D then f(z) has the asymptotic value a in D’. 

The hypothests that u(z) 1s bounded away from 0 and 1 on some 
path T(\D' may be replaced by: D’ contains a linear sector, 
a<arg (z—2%) <B. 


Proof: We note first that the hypothesis involving T is not 
extraneous. For example, let D be {x>0} and D’ be {y>0, 
0<x <1}, where z=x++7y and let f(s) =e-*. 

By virtue of Lemma 1 we may assume that D’CD, that C 
and C’ have a common point Zo, and that I’ has one end at 2p. 
Here 2 must be the point of C which determines u(z) and the 
initial portion of I may be taken as a level curve of wu, say 
u=1/2. D’ may then be altered so as to include I and lie in D. 
Finally we may assume that Tis simple. _ 

Now 20 splits C into Cy and C; and u(z) =0 on Cy and u(z) =1 
on C;. Also 2 splits C’ into the arcs Cy and Cj, where CY sepa- 
rates C; and Cy in D. Let u(z) be the corresponding harmonic 
measure in D’, that is, 41.=1 on C{ and u,=0 on Cj. Let the 
subdomain of D’ bounded by C{ andT be Dj, and let the sub- 
domain of D’ bounded by Cy and T be Dj. We shall prove 
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Lemma 3 by showing that any domain D/ in which e<m(z) 
<1-—e, e>0, is contained in some domain D, defined by 
n<u(z)<1—n, »>0. This is easily accomplished by means of 
the maximum principle. For z€D/, <u. Also, on I, 


u — (1 — 4) 


: = 0S, 
~ and on Cj, 
Thus 
6 S u(z) S (1 — 6) + 6m,(z), zE€D. 
A similar argument proves that 
511(2) S u(z) S$1-—64, z€ Dé. 
Since 0 <u, <1 for z€D’, we have 
5ui(z) S u(z) S (1 — 4) + bm(z), 2€ D’. 


Hence D{ is contained in D,, where y is any positive number 
satisfying 7 <de. 

To prove the final statement in Lemma 3 we proceed as fol- 
lows. By Lemma 1 we may assume that z=0 is a point common 
to C and C’ and that D’ contains the sector | arg 2| <a. Here 
we use 29=0 to determine C,, Co, and u, where C, is that half 
of C which is separated in D from arg z=0 by arg =a. By Carle- 
man’s principle of domain extension [17, p. 63] it is obvious 
that uw U in | arg | <a, where U is harmonic and bounded 
in the z-plane slit along arg z=a and such that for any fixed 7, 
O<r<o0, U(ree-%=1- and U(reile+)=0, That is, U(sz) 
=(arg z—a)/27, where a<arg 2<2a-+a. In particular, U=1 
—a/2n on the positive real axis. Thus u<1—a/2zm on arg 2=0. 
Similarly, u2a/2m on arg z=0. Thus we may take the ray 
arg z=0 for I and 6=a/2zr. This completes the proof of Lemma 
i 

13. Instead of considering subsectors we may consider the 
union of two overlapping sectors. The basic result is Lemma 4. 
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As in the case of Lemma 3, Lemma 4 may be stated in terms 
of the behavior of the sectors in some neighborhood of ~. To 
avoid uninteresting verbiage we give the statement in the simple 
form to which the more general case may be reduced by 
Lemma 1. 


LemMA 4. Let D, and Dy be two sectors in the z-plane, bounded 
by C, and Cy respectively, and such that C\(\C2 consists of a single 
point Zo. Let the two arcs into which 2 splits C; be Ci,0 and C;,1, 
4a=1, 2. Let CooCD, and Coi1CFi, where E; 1s the sector, not Dy, 
bounded by Cy. Then, with the proper labelling, CioCD2 and 
CiiCE, where Ez, is the sector, not Dez, bounded by C2. Also, 
D,\D2=T is a sector bounded by Ci,0, C2,0, and 29, and Di, JD,=D 
ts a sector bounded by Ci, Co: and 2. Let u1, U2, and u be the 
harmonic measures of Ci, C21, and Ci, in the domains D,, D2, 
and D respectively. 

Let there exist two paths, T; and Ts, in I and a constant 6, 0<6 
1/2 such that 


(2a) < m(z) S$ 1-4, Eee 
(2b) ares =o 


Let f(z) be meromorphic in D and have the asymptotic values a 
and bin D, and Dz respectively. Then a =b and f(z) has the asymp- 
totic value a in D. 

The hypothests that there exist Ts, T2, and 6 satisfying (2) may 
be replaced by: I contains a linear sector a<arg (2—2) <8. 


Remarks. We note first that the condition (2) is not super- 
fluous. For example, let D,; be larg | <1/2, let Dz be 1/2 
<arg (2—1) <zm, and let f(z) =e*. In this example neither u nor 
uz satisfy (2) on any paths 'CI/. If we change the example 
slightly we can show that it is essential to have both (2a) and 
(2b). Namely, let D, be | arg 2 <1/2, let Dz be { | «| a y>0}, 
where z=x-+1y, and let f(z) =e*/z. Here we can satisfy (2b) but 
not (2a). In this example, although f(z) has the asymptotic 
value © in D, aX¥b. 

Proof: By Lemma 1 we may alter D, and Dy in the neighbor- 
hood of Zo in such a way that I; and I, may be extended so as 
to start at 2) while (2a) and (2b) are satisfied on the new I; 


— 
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and I’; for some 6. This is most easily accomplished by taking six » 


. distinct radii of the disc Z—20| <1 for the arcs of CG, Co, Ts, 


and I; which lie in | z—zo| <1. 

Now m26 on T; and u;=1>6 on C1. Since C2,o lies in the 
sector bounded by C, and Ti, #1+u2=u,26 on Co,o. Similarly, 
UW +u2=uU226 on Cio. Hence u;+u.=6 in I. Also w1-+u2=u, 81 
on C29 and w1+4u42=u2S1 on C;,o and therefore m+ 4.1 in J. 


~ Collecting: 


(3) 6 = uy(z) sr U2(z) = rl r4 E I. 


Since #126 on C2,o, it follows that any level curve of 1, “1 =e, 
0 <e<6, is a path lying in J and issuing from 29. For e=6/2 let 
this path be I. By (3) we have on I: 


Ww S1—m=1-—6/2 and w2i— m= 6/2. 


Thus we have reduced Lemma 4 to the special case where 
I',=TI., and, replacing 6/2 by 6, we assume that (2a) and (2b) 
are satisfied on I’. That a=d is a consequence of the relations: 
f(z)—a on T and f(z)—d on I. 

We shall complete the proof by showing that, for e>0, the 
subsector D,. of D, defined by e<u(z)<1-—e, is contained in 
D,,,.Dz,, for some 7 >0, where D;,, is the subsector of D; char- 
acterized by n <u,(z) <<1—y, 1=1, 2. For this purpose let H; be 
the subsector of D; bounded by C;, and I, +=1, 2. Then 
D=H,VTVUA:. Now, on C1, 6u=6u,;<u, while on Il, 6uS6 
<u. Thus 6uSu, in H,VUT. Also, by Carleman’s principle of 
domain extension, “#1<u in D,, and hence in H,UI. Thus 
6u<u,Su in HUT. It follows that 


Doalii (Mi,U I) cs Diy 
where 7 is any positive number <eéé. Similarly, 
D.C (82 UT) C Day 


for 7 <5. Thus D.CD1,,.U/D2,, for 1 <éé. 

Finally, to prove the last statement in Lemma 4, the argu- 
ment at the end of §12 shows that the bisector of any linear 
sector contained in J will serve as a curve I’ on which both 
and uw, are bounded away from 0 and 1. This completes the proof 
of Lemma 4. 
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14. Since we will be concerned with sectors in which both _ 
f(z) and f’(z) have asymptotic values, we shall need the following 
result. 

Lemma 5. Let z=wW() map a linear sector Ds: | arg | <a, 
0<a<zm, onto a sector D, in the 2-plane with the points at » 
corresponding. Then, tf § =re*, 


6 
| y’(1) | r-1-t1e cog ss (1+ O(r-*/22)) 


<|¥()| | YC) | rt sect 1 + 00-9), > 2, 
a 


Proof: This Lemma is a simple consequence of Theorem 1. 
Map D; onto | Z| <i by 


Z= (1 = crite) /(1 + (7/20) | 


Then = corresponds to Z=—1. It is easily verified that as 
fo in Dy, 


7) 
[Z| = 1 — 29-*/2e cos 3 (1 + O(r-#!22)) 
Qa 


and 


S| = Zeer + 0-219) 

—}] = — r-1-T/2a yt l2a)) 

dg a 

Using these two results together with Theorem 1 we have 
Lemma 5. 


LEMMA 6. Let ¥(¢), Dr, and D, be as in Lemma 5. Let e>0 be 
fixed and let {{,} and {fj } be two sequences of points in larg ¢| 
Sa—e, such that [,7 ©, {, > 0 as n >, Let 2,= (fn) and 
Zn. =W(Sn ). Lf fn/Ei 1 as n>, then 2,/2, 1 asn—>. 


Proof: The proof of Lemma 6 may be reduced to the case 
a=1/2 by the transformation w ={*/2“ so we shall assume that 
a=1/2. Applying Theorem 1 to y(¢) in the disc | 5 -£o] <R6o 
we obtain, since ¥(0) is a boundary point of D,, 


| W(to) — ¥(0) | = 4] W’(oo) | Roo. 


segment, ns joining a aie tr ey wi 


‘ ~a [| 2min (||, 2 |) sine = 
nce Gite ig) one fi, we have | 
bs. ay l= 4 tel sin tS = To, Penny n = No. 


=] ntegrating (4) over Ln, 
Sra |d 16 csc? ‘| 

toe sf |- ‘ie gpa =f [de] = 16 act 1-2]. 
Bi r Bn In ae In Sn 


By hypothesis, [, /{,—1 and hence log (2, San)—90, and there- 
fore Zn /Zn—>1. 


II]. CARATHEODORY KERNELS 


1. Kernels of Schlicht Domains. Let { D,} be a sequence of — 


domains on the z-sphere Z such that z=aC€D,, n21. The 
kernel, K, of {D,} with respect to z =a is defined as follows: 
1°: if there is no fixed disc, {|z—a| <c}, contained in all D,, 
then K consists of the single point z=a. 
2°: if there exists a fixed disc {|z—a| <c} contained in all 
D,, then K is the maximal domain satisfying the two conditions: 


(ti z=aEK, 


(2) if FCK and F is compact, then there exists 7) =o(F) such 
that FCD, for n>n¢: 

2. Existence of kernel. This definition requires justification 
in the following respect: we must show that, in case 2°, there 
exists a unique maximal domain K with the properties (1) and 
(2). The “maximal” here means of course that K is not a proper 
subdomain of a domain K, with the properties (1) and (2). An 
existence proof for K may be built along familiar lines as fol- 
lows. Let {K,}, XGA, be the class of all domains satisfying 
(1) and (2). This class is non void, for {|z—a| <c} is an ele- 
ment. Then the kernel is 
(3) Kee ks. 

‘AEA 
It is clear that K is open, connected, and satisfies (1). The 
maximal property is a trivial consequence of (3). To show that 
K satisfies (2), let F be any compact subset of K. Then F is 
covered by a finite number of the domains K): 


N 
re Bs 
n=l 
By Lebesgue’s lemma there exist compact sets F, such that 
F,CK), and F=U"_|F,. By the definition of the Ky, F,CDy, 
for k>k,. Hence FCD; for k>max kn. This completes the 
existence proof for the kernel. The existence of K may also be 
proved more constructively; cf. §23. 

3. In case 1° we shall call either the sequence {D,} or the 


14 


1 


: Set 
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2 kernel K degenerate with respect to z=a. The following theorem 
_ gives another characterization of K in the non-degenerate case, 


which provides a convenient method of actually determining the 


? kernel. We denote the interior of any set S by S°. 


TuHeEoreEM 1. Let {D,} be non-degenerate with respect to z=a. 


~~ (4) En, = 1) Di 
k=n 
and 
(5) L= U E, =limE,. 
n=1 no 


Then K =La, where La 1s that component of L which contains 2 =a. 
Proof. Let F be any compact subset of K. Then there exists a 
compact set F,CK such that FCF). Now F,CE, for n> 
and therefore FCF{CE,ZCL. Since F was an arbitrary com- 
pact subset of K it follows that KCL. Since a€K and K is 
connected, K CL,. To obtain the reverse inclusion we shall show 
that L, and hence Za, satisfies conditions (1) and (2). Since L is 
open, L, is a domain and it will then follow from §2 that L.CK. 
That L satisfies (1) is clear. As for (2), let F be any compact 
subset of L; then F is covered by a finite number of the sets 
EF, and, since these sets are increasing, there exists m such that 


BC En Cin (| Ds, 
k=m 
and hence FCD, for n2m. q.e.d. 
It is natural to attempt to replace L by 


H = lim inf D, = U E, 
no n=1 
and consider that component, J, of H’ which contains a. 
We have of course H°DL and JDLa=K, but this inclusion may 
be proper, as shown by the following example. Let D, be the 
disc |z| <1 with the segment {a<|z| <1, arg z=1/n} re- 
moved, and let a=0. Then it is clear that L=K, which is the 
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disc | z| <1 minus the slit {a<|z| i vatc z=0}, while J is the 
complete disc | z| <1. We can conclude, however, that J=K for 
monotonic sequences D,. 


CoroLiary 1. If the sequence D, is increasing, then K 1s 
non-degenerate and K =UD,. If the sequence D, 1s decreasing and 


non-degenerate with respect to a, then K 1s that component of } 


(lim D,)? which contains a. 


This corollary follows immediately from Theorem 1. 

4, We note that K depends on the base point a. The following 
two examples illuminate this dependence. The kernel of the se- 
quence D,={|z| <1+1/n} with respect to z=0 is {|z| <1}, 
while the kernel with respect to s=1 is {z=1}. Secondly, let 
D,, be the plane with all points of the imaginary axis outside 
{|z| <1/n} removed. Then, with respect to z=1, K is the 
half-plane Rz>0, while with respect to z= —1, K is the half- 
plane Rz <0. 


THEorEM 2. Let {D,} be non-degenerate with respect to 2=a. 
If there exists a fixed point z=b such that bE&Dn, n=no, and if 
D, 1s simply connected for n=no, then K is simply connected. 


Proof. Let I’ be any Jordan curve in K and let A be that 
domain on Z determined by I which does not contain z=. 
Then I, being compact, is contained in D, for n>,=m, and, 
since D, is simply connected and does not contain b, AUI'CD,,. 
By the definition of the kernel, AUT CK. Therefore K is simply 
connected. q.e.d. 

5. The hypothesis that there exists b¢D, is essential. It is 
not difficult to show that given any domain D and a€D that 
there exists a sequence of simply connected domains D, on Z 
such that the kernel of {D,} with respect to a is D. 

If the domains considered are all in the z-plane, then b= 0 
is always exterior and the existence of } may be dropped from 
the hypotheses of Theorem 2. 

6. Definition of convergence to kernel. Let a, D,, K be as 
heretofore. Let o denote any subsequence, best of the positive 
integers and let K, denote the kernel of the subsequence 
{D),} with respect to g=a. Obviously K,)K. We shall say 
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that {Dn} converges to tts kernel K with respect to z=a tf and 
only if K,=K for all c. In symbols we denote the convergence 
of D, to K by D,—-K. 

The inclusion KCK, is important for subsequent purposes. 

7. We remark first that the convergence or non-convergence 
of {Dn} depends upon the base point a, although it makes no 
difference so long as a is displaced in one fixed kernel of {D,}. 
Let E, be the z-plane cut along all of the imaginary axis ex- 


3 cept for the open interval between —i/n and i/n. Set Don =Eon 


and Deny1= Enya {Rz>—2}. Clearly {D,} converges to its 
kernel with respect to z=1, but not with respect to z= —1. 


THEorEM 3. Let {D,} be a monotonic sequence of domains and 
letaEGD,, n=1. Then {Dn } converges to its kernel with respect toa. 


Proof: Apparent by virtue of Corollary 1. 


THEOREM 4. Let D,—K with respect to z=a. Let pn be the con- 
nectivity of D, and p the connectivity of K. Then 
(6) p S&S lim inf p,. 

Proof: If p=0, i., K=Z, then K is compact and hence 
D,=K and p,=p=0 for n>. 

If 0<p<~, then there exists a domain A, bounded by p 
disjoint Jordan curvesT,, 1545p, =UM;, such that AUTCK 
and such that E, (_K, 1SkSp, where &; is that Jordan domain 
bounded by I’, which does not meet A. We may also assume 
that a€A. Since AUT is compact, AUI'CD, for n>. Now 
E,CD, for n>nx, for if E.CD,,, 221, then the subsequence 
{D,,} would have a kernel with respect to a which would con- 
tain AUTUE,, which, with E,(K, would contradict the con- 
vergence of {D,} to K. Hence for 2 >maxosxs» "x, Dy, possesses 
one or more boundary continua in each of the p disjoint domains 
E, and thus is of connectivity 2p. Therefore (6) is valid. 

Finally, if p= ©, we apply the above argument using domains 
A of arbitrary connectivity g. Then lim inf p,2q for all integers 
q and therefore lim inf p, = © =/. q.e.d. 

8. That (6) is not necessarily valid without some hypothesis 
such as D,—>K is clear from §5. That (6) is the best possible 
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result and that no inequality in the other direction is valid. 
even when the D,, are monotonic, may be seen from the follow- 
ing example. Let K be any given domain, not the whole sphere, 
of connectivity p<. Let p, be any sequence of integers such 
that p<p,S ©. There exists [28, p. 9] a sequence of domains 
E, such that Ey CEn41, this inclusion being proper for »21, 
such that UE, =K, and such that g,<, where gq, is the con- 
nectivity of E,. Let D, be E, with exactly ~,— Qn points re- 
moved from the fringe E,—E;,_1; when p,=© this is to be 
interpreted as: E,—D, is a countable closed subset of En, — Ey_1. 
Then clearly the connectivity of D, is pr. Also DaCEnCDaxy, 
and hence D, is an increasing sequence with kernel UD, = VE, 
= K, 

9. Carathéodory’s Theorem. The following theorem is essen- 
tially that of Carathéodory [3, 4] who assumes that the domains 
D, are all the unit circle and that the domains £, are uni- 
formly bounded. The more general statement of this theorem is 
due to Bieberbach [1, 2]. 


THEOREM 5. Let { Dn} be a sequence of domains in the 2-sphere 
Z. Let z=0€Dyz, 1 S70, and let {D,} converge to its kernel D with 
respect to z2=0. Let pant be a sequence of domains in the w-plane 
such that w=bCEn, 1Sn, and let E be the kernel of {E,} with 
respect to w=b. Let 


(7) w= fn(z) 
map D,, schlichtly and directly conformally onto E, and let 
(8) lim f,(0) =b#o, limf,y (0) =c #0, &. 


If D is non-degenerate then 1) E is non-degenerate and 2) E,—E 
af and only tf f(z) approaches a holomorphic function f(z) subunt- 
formly in D. In the case of convergence w=f(z) maps D schlichtly 
and conformally onto E with f(0) =b, f’(0) =c. 

If D is degenerate then E is degenerate and E,-~E={w=b i. 


Remarks. For later purposes this formulation with (8) rather 
than the simpler conditions f,(0) =0, f,/ (0) =1, is preferable. 

In the degenerate case it is still true of course that w=f,(0) 
—f(0) =b which maps z=0 onto w=b. 
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It is important to note that the restriction of the E, to be do- 


_ mains in the w-plane is essential, as shown by the following ex- 


, 
‘ 


ample. Let D,={|2| <1}, E, = {| w—n/(n?—1)| >1/(n?—1)}, 


/ and f,(z)=2z/(mz+1). Then f,(0)=0, f/(0)=1, D,—-D 


={|z|<1}, which is non-degenerate, whereas E,—>E 
= {w=0} which is degenerate. This difficulty disappears if we 
remove the point z= —1/n from D, and the point w= © from 
E,. The new D,, E,, and f, satisfy the hypotheses of Theorem 


- 5, and D is now degenerate. 


The crux of the matter is that the f,(z) need not form a normal 
family in D, whereas under the hypotheses of Theorem 5 { tat 
is normal in D. 

In some situations, e.g. if {D,} is an increasing sequence, 
fn(2) will not be defined in all of D. But the properties “{f,(z) } 
converges (does not converge) subuniformly in D” and “ { Ful is 
normal (not normal) in D” are meaningful, as is apparent from 
the definition of kernel, for both properties are defined in terms 
of compact subsets of D. 

10. The proof of Theorem 5 will be combined with the 
proof of the following extension of Theorem 5 in the non- 
degenerate case. 


TueoreM 6. Let {Dn}, {En}, D, E, and fn(2) satisfy the con- 
ditions of Theorem 5 through (8), except that the E,, are domains 
on the w-sphere. In addition let D be non-degenerate and let { fr} 
be normal in D. 

Then E 1s non-degenerate and 

A). If fn(z) approaches a meromorphic function f(z) subunt- 
formly in D then E,—E and w=f(z) maps D schlichtly and con- 
formally onto E with f(0) =b and f'(0) =c. 

B). If E,-E and E 1s not the complete sphere then f,(2)—f(2) 
subuntformly in D and w=f(z) maps D schlichtly and con- 
formally onto E with f(0) =b and f’(0) =c. 


The last conclusion is false if EH =W. For example, let D, and 
D be Z, E, and E be @, and f,(z) =2/(1+(—1)*2). 

11. Under the hypotheses of Theorem 5 it follows from (8) 
and I Theorem 3 that {f,(z) } is normal in D. Hence Theorem 5 
follows from Theorem 6, except in the degenerate case. We 


Mere a Ne a oe a. ©’ 
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dispose of this degenerate case of Theorem 5 first. 
Let {D,} be degenerate with respect to z=0 and let {| | <ra} 
be the largest disc with center at z=0 which is contained in Dp. 


| 
Since D,>{z=0} we have | 
(9) be 7, = 0, | 


Let {| w—f,(0)| pat be the largest disc with center f,(0) 
which is contained in Z,. By I Theorem 1, PrSrn4| te (0)|, ‘| 
and by (8) and (9), pr—0 as n>. If E were non-degenerate © 
then E would contain a disc | w—b| <p and hence by (8) we | 
would have pz—p >0, which would be a contradiction. Hence E 
is degenerate. : | 

12. We note next that the condition that { falz) } be normal — 
in D is equivalent to: there exists 79 such that f,(z) is holo- _ 
morphic in | z| <ro, that is, if w= © CE,, then the simple pole | 
of fn(z) lies in | z| =rpo. For, if { faz) } is normal the existence of _ 
ro follows from the first equation of (8) and the non-degeneracy _ 
of D. If there exists such an ro then f,(z) is holomorphic and 
schlicht in | z] <ro and by I Theorem 1 is subuniformly bounded, 
and therefore normal, in | 2 <ro. Also by I Theorem 1 the image 
of | z| <ro/2 by w=f,(z) covers the disc | w—fn(0) | <ro|fa(0)| /8. 
It follows from (8) that this disc contains |w—b| <ro|c|/16 — 
for n> and therefore fn(z) is uniformly bounded away from 
b for | 2| =ro/2. Hence fn(z) is normal in D. 


13. THEOREM 7. Let {D,} be a sequence of domains in Z; let 
aD, and let the kernel, D, of {Dn} with respect to a be non- 
degenerate. Let {En} be a sequence of domains in W such that 
w=bCH, and let E be the kernel of {E,} with respect to b. 

Let w=f,(2) map D, schlichtly and conformally into E, and let 


(10) lim f,(@) = b 4 ow, lim fy (a) = ¢ #0, o, 


Then E is non-degenerate. If fn(z)—>f(z) subuniformly in D then 
w=f(z) maps D schlichtly onto a subdomain of E. 


Remarks. Note that we do not assume that D,—D and that | 
w=f,(z) need not map D, onto En. ) 
We shall prove Theorem 6 from Theorem 7 and then prove | 
the latter. 
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14. To prove Theorem 6, A), let f,(z) f(z). By Theorem 7, 
_ w=f(z) maps D onto E*CE. The non-degeneracy of E follows 
_ from (8) and the non-degeneracy of D. Now let ¢,(w) be the 
_ function inverse to f,(z). It follows from (8) and I Theorem 1 
- that E contains a disc | w—b| <po in which ¢,(w) has no poles. 
As noted in §12, the family {bn(w) } is normal in £. Let 
{¢x,(w)} be any convergent subsequence of this family, dy, (w) 
_ —¢(w), and let the kernel of {E,,} be £,. By applying Theorem 
7 to this subsequence of maps, z=¢(w) maps E, schlichtly into 
the kernel, Dy, of {D,.}. Since D,—D, D,=D. Also (cf. §6) 
E, DE, and hence z=¢(w) maps E into D. 

The composite function w,=f(¢(w)) =Y(w) maps E, into E* 
with ¥(d) =6 and y/’(d) =1. Since f,,,(fx,(w)) is defined and =w 
on any compact subset of FE, for 7 sufficiently large, it follows 
on letting n—o that ¥y(w)=w. Hence E,=E*. Since EZ, DE 
»E*, we have E* =E=E£). It follows from E* =E that w=f(z) 
maps D onto E. From E=E£) we derive E,—E, for if E, is the 
kernel of any subsequence £,, then the \, may be chosen as a 
subsequence of the u,, whence E, CE, =E and thus £,=E. 

15. To prove Theorem 6, B), assume that E,—E where E is 
not the whole sphere. By the normality of { i. there exists 
{nx,} such that f,,(2) f(z). Since D,,—D, it follows from §14 
that w=f(z) maps D onto E£, the kernel of {E,,}. Finally, 
fr—f, for otherwise by the normality of {f,} there would exist 
{un} such that f,,-g#f and such that w=g(z) would map D 
onto E with the same normalization: g(a) =), g’(a) =c. By I 
Theorem 4 we would have the contradiction g=f. Therefore 
fr—f subuniformly in D. This completes the proof of Theorem 6 
from Theorem 7. 

16. Proof of Theorem 7. That £ is non-degenerate is ap- 
parent from (10), the non-degeneracy of D, and I Theorem 1. 

Assume now that f,(z)—f(z) subuniformly in D. By (10), 
f(a) =b and f’(a) =c0; therefore f(z) is not a constant and, 
being a limit of schlicht functions, is schlicht. We must show then 
that w=f(z) maps D into E. 

Since f(z) is schlicht in D it has at most one pole in D, at z=p 
a. If p exists remove this point from D; also delete © if 
co €D. Let D* be the subdomain of D remaining after these 
possible deletions. 


ei ee 
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17. We prove first that if w=f(z) maps D* into E, then f(z) 
also carries D into E. If the point p# © exists then there exists 
a deleted neighborhood of ©: V*={R<|w| <# }CE which is 
the image of a deleted neighborhood U*CD* of z=p. Since 
fa—f, each f,(z), for 1 sufficiently large, has a pole at z =p,CD,, 
with p,—p. For n sufficiently large, {| z—pn| <rof CDAD,, 
where 7» is a fixed positive constant. Let 


n 


A 
fale) = FBS f= ee 


2 Pn 


Then A,—A #0 and B,—B. By I Theorem 2a, E, contains the 
disc |w—B,| >2|A,|/ro. Hence E, contains 


|w— B| =4|A|/r, 


-and, a fortiori, 


4| A| 
(11) joziwlzs+—t ca, n> m. 
To 
Since {R<|w| <}CE, 
8| 4| 
(12) {rs|wl|s2|a/+——t cx, n> ne. 
Yo 


From (11) and (12) it follows that 

{2k s|w| so} CE,, n> Ns, 
and hence, by the definition of kernel, 

{2k s|w| Ss ~} CE, 


which implies that w= © CE. Hence f(p) = © ECE. 

If p exists and p= © the argument is essentially unchanged; 
we use I Theorem 2 rather than I Theorem 2a. 

Finally, if « €D, we may assume that f( ©) # ©, for the case 
p= has been disposed of. Again the argument is essentially 
the same and hinges on I Theorem 1a. 

18. To prove now that w=f(z) maps D* into E, let zo be any 
point of D* and let I’ be a polygonal arc in D* joining z=a to 
2=29. Then 


rR ale naa 


af 


Carathéodory Kernels 23 
dist (I, D*”) = 6 > 0. 


' Here we use the metric of the plane, not the sphere. 


Let A denote the compact set 


6 
A= fe: dist (z,T) S$ + ar a. 


_ and B the open set 


D 
Bez fe: dist (z, T) < = Gab*. 


Actually, B-CD*. Now » €B-, and p, €B- for infinitely many 
n would imply p€ B-CD*, which is incompatible with p¢&D*. 
Hence B-CD*, (D, less p, and ©) for n>no. 

Let f,(T) =C, and f(T) =C. Using (10) and applying I Theo- 
rem 3 to ACB, 


| fa(z) | S Mand — 5/13 z€A,n>m, 


and these same estimates are valid for f(z) and f’(z). For 
n>n2(e), | f(z) —f(z)| <eon A. The disc |z—¢| <6/2, SET, is 
in A and is mapped by f,(z) or f(z) onto a domain of the w-plane 
containing 


jw — pals) | < eee ey <a. 


Thus 
6 
{uw dist (C2, ws < “4 CE, n> 1. 
If €<6/16k, then 
6 
G= fu: dist (C, w) < =. Sh oF n > max (m1, M2). 


But G possesses the properties (except for maximality) of the 
kernel E, hence GCE and a fortiori wo=f(%0) GE. Since zo was 
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any point of D*, w=f(z) carries D* into E. This completes the 
proof of Theorem 7 and hence the proof of Theorems 5 and 6. 


KERNELS OF SEQUENCES OF RIEMANN SURFACES 


19. To define a kernel of a sequence {%,} of Riemann sur- 
faces it is necessary to have some relations connecting the 
various ¥,; that is, the 7, may not be given abstractly with no 
specific connections. The natural set up here is to consider the 
Fn, as given covering surfaces (in general both branched and 
_ bordered) of a fixed base surface B. Since any Riemann surface 
is conformally equivalent to a covering of the sphere it is no 
real restriction to assume that 8 is the z-sphere which we denote 
by Z. 

20. Embedding. If ; and 2 are two Riemann surfaces over 
Zand Pic€f; and P,€f_ are two points over z=a, we shall say 
that 7; is Z-embeddable in ¥ with Pi corresponding to Pz» if 
and only if there exists a homeomorphism T of ¥; into F2 
which preserves 2 and carries P; into P2. Clearly if T exists it is 
unique, provided P; is not a branch point of /; relative to Z. 
Except for exceptional symmetrical situations, T is unique even 
when P, is a branch point. If T exists we shall denote this rela- 
tion between 7; and F_ by 


(13) [H1; P;| oe [ Fo; P2|. 


The subscript z will be dropped when there is no danger of 
confusion. If JT is onto we shall use =, (or =) in place of C. 
The symbol [¥; P] will be used in general to denote a Riemann 
surface 'f with a specified point P. If P{ is another point of }; 
over a it is of course possible to have (13) valid and also 


[F1; Pi] € [Fo; Po]. 
A similar remark applies to alterations of P». 
An obvious but useful criterion for embeddability is contained 
in the following theorem. The proof is clear and we omit-it. 


THEOREM 8. Let Fi, F2, Pi, and Pe be as described and let P, 
be a non-branch point of F; relative to Z. Then [F1; P1|C[Fo; Po] 
uf and only tf the following two conditions hold: 

1° Let Qi be any point of Ff, and let T; be any curve in F; joining 


es 


?P, to Qi. Let T; contain no branch points (relative to Z) of F, with 
g the possible exception of Qi, and let the equation of T; be z=2(t), 
* 0S#S1, 2(0) =Py, 2(1) =Q). Then a curve Vs exists in Fo with the 
_ Same equation 2=2(t), joining P2 to 2(1) =Qe€F2, and containing 
no branch points of F2 with the possible exception of Qo. 
2° IfT:,T2 and Ti, Tz are two pairs of curves of the type de- 
scribed in 1°, then T;, TY have the same end point Q,€f;, tf and 
only tf TY, and TZ have the same end point Q.E Fo. 
If 1° and 2° are satisfied, then Q:—>Q» gives the embedding T of 
[13 P,] into [Fo; P,]. 


Another obvious but useful result is the following: 
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THEOREM 9. Let { €,; P,,} be a sequence of Riemann surfaces 
over Z with P, over z=a not a branch point of E,. Let 


(14) [€,; Je ] ~ [E n+13 Pat nN = 1. 


Then there exists a unique surface [F; P|] over Z such that |F; P| 
contains a sequence of subsurfaces [E€,/ ; P| with the properties: 


(15) f= U oe 
and i 


That is, to put it briefly, an increasing sequence of Riemann 
surfaces determines a unique Riemann surface by exhaustion. 
The proof of Theorem 9 is trivial. Since (16) is an equivalence 
relation we may identify ©, and €,/. Similarly the stated 
unicity of [¥; P] is modulo this equivalence relation. 

21. Let {%,} be a sequence of Riemann surfaces over Z 
satisfying 

Fn contains a specified point Pp over 2 = a, and a schlicht 
(17) disc over | z — a| < ro about Pp. 
In defining kernel we encounter two complications here which 
did not crop up in the case of schlicht domains. The first is owing 
to the possible behavior of branch points. For example, let 
¥, be the two sheeted Riemann surface for (z-1—1/n)"”, 
which has two first order branch points, over z=1+1/m and 
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over = ©. Leta =0. Then clearly the Riemann surface ¥ which 


ought to be called the kernel is the Riemann surface for (2—1)¥*. _ 


But no compact subset of 7 which contains the branch point 
over z=1 is Z embeddable in any 7,. This type of difficulty will 
be overcome by temporarily removing all branch points. 

The second complication is that there is no unique kernel in 
general. For example, let F2, be the schlicht disc over |2| <1 
and let Y2n41 be the two sheeted unbordered covering of |2| <1 


' 


1 
: 


with a single branch point over z=1/2 .Let a=0. Then the © 


disc | | <1 cut along any Jordan arc T joining z=1/2 to | 2| =1 
and not passing through z=0 is a maximal Riemann surface 
embeddable in all 7,; nor does this exhaust the possibilities, 
for we may use other types of continua to join z=1/2 and 2| =1 
which still give maximal surfaces with the proper embeddability 
property. Clearly all of these maximal surfaces have equal 
claims to the title of kernel. 

22. Definition of kernel for unbranched surfaces. 
Let {Fn; Pol a, and fo satisfy (17). In addition let all 7, be 
unbranched over Z. Let ¥ bea Riemann surface over Z and let P 
be a point of ¥ over a. Then [¥; P] is a kernel of {¥,; P,} if and 
only if [¥%; P] is a maximal Riemann surface with the property: 

1° If cA is any subsurface of F whose closure -A~ in F is com- 
pact and such that PEA, then 


h4apP) Gites] forn > mA). 


The maximality here of course means: 

2° If [¥'; P’] has the property 1° and if [F; P]C [F’; P’] then 
Pla ee. 

We note that although any kernel F contains a disc about P, 
it need not contain a disc of radius as large as ro; this is clear 
from the last example of §21. Also all kernels # are unbranched 
over Z. 

23. Existence of kernels. Although there is no unicity in 
general, any sequence {F,3 P,} satisfying (17) always possesses 
at least one kernel ¥ as we now prove. 

Consider all open discs of Z with rational centers and rational 
radii; since we are working on Z this means that with each 


a 


_ 
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“rational” circumference we associate two open discs. Let {A,} 
_ be a sequential arrangement of these discs in which each disc 


1 occurs infinitely often. We shall assume that A, has center =a 


and radius S7o. 


Any unbranched Riemann surface over Z may be built up 
with a countable number of these discs with suitable identifica- 


tions. 


Let €; be the disc Aj, and let P denote the center of €;. Then 


‘€, has the property 1°. If &,UA, is connected and has the 


property 1°, set E,=€,UA,; otherwise set E,=€,. Proceeding 
in this fashion we obtain a sequence {€,} of Riemann surfaces 
with the properties: 


(a) [&ns PIC[Enu; Pi, 


(8) [€,; P] satisfies 1°, 

(vy) En4i consists of E, and a finite (possibly 0) number of copies 
of Anyi with appropriate identifications between subsets of E, 
and subsets of the added discs, and 

(6) It ts impossible to add another copy of Ans1 to Ens: so that 1° 
ts still satisfied. 


We prove by induction that this construction is possible and 
unique. Certainly €, and €2, satisfy these four conditions. As- 
sume that €,, &:,---, €, have been obtained. It follows from 
the definition of €, and (vy) that €, is built of a finite number 
of discs A. If A,,; has no points in common with the projection 
of €, into Z, set €,4,=€,. Otherwise there is a finite set of 
subdomains, D;, 1Sk<N, of €, which lie over Any. If a given 
D is not schlicht over A,4; it is impossible (cf. Theorem 8) to 
attach a copy of A,4: to D. Let the D’s which are schlicht over 
Ansi be D,;, Do, +--+, Dy. If it is possible to attach a copy, 
Al.,, of Any: to Dy, (by identification of D; with the projection 
of D, into A,41), so that €,,.UA}_, satisfies 1°, then the attach- 
ment or non-attachment of Aj,, to D,, 2SvSp is uniquely 
determined by this same condition 1°. The remaining D, are 
treated in a similar fashion. This process terminates in a finite 
number of steps and yields the desired E,4:. That €,4: satisfies 
(a), (8), (y), and (6) is clear from the construction. 

By Theorem 9 PER; determines a unique surface ¥=UE,. 
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That 7 has the property 1° is easily proved, for if eA is any sub- © 
surface of ¥ whose closure e4- in 7 is compact, then eA is | 
covered by a finite number of the E, and hence by a single En. — 
The conclusion then follows from (8). . 

Finally, 7 is maximal, for if not we would have a surface 
['¥; P’] satisfying 1°, and the proper inclusion FiPICIs Fak 
Now 7 would consist of exactly the same discs A and identifica- 
tions as 7 with some additional A’s added. At least one of these 
additional discs, say A*, would have points in common with 7, ~ 
for 7’ is connected, and hence with an €,,. Now A* occurs in- 
finitely many times in {A,} and therefore occurs with an index 
N>no. Clearly by (5) A* is either part of Ey_1 or was added in 
constructing Ey, and hence A* cannot be “additional.” Thus 
F is maximal. 

24. This process for obtaining a kernel leads to a unique | 
kernel once the sequence {A,} is assigned. More generally we 
may replace €;=A, by any surface [€; P] which has the prop- 
erty 1° and then proceed as before. Hence if [€1; P] satisfies 
1°, then {Fn; Pn} has a kernel containing [€,; P]. 

The existence of a kernel may also be proved by Zorn’s lemma. 

25. Definition of kernel in general case. Let ize P,}, ad,and | 
ro satisfy (17). Let $3 be the unbranched subsurface of ¥, ob- | 
tained by deleting the branch points of ¥,. Let [¥; P] be any | 
kernel of By Pos The kernel, 7, of 3 corresponding to 
is obtained by adding the proper branch points to 7°. Precisely, 
for each }€Z and r>0, consider each domain D° of ¥° which is 
an unbordered covering of {0<|z—d]| <r}, ({r<|z| <<}, if 
b=), of multiplicity m, 1<m<o. Let c4? be that part of 
D' over {0<p<|2—6| <r/2}. Since e42- is compact, A? CH 
CTF, for 2 large enough. The actual inclusion here is determined 
by 4) and a fixed curve on 7 joining P to c/’. Now ¥, contains 
one or more domains lying over {|z—b| <r/2}; let B, be that 
in which c4? is embedded. We add a single point over z=b to 
D'CF, creating a branch point of order m—1, if and only if, 
for n>mno, each ®B, is a simply connected relatively unbordered 
m-sheeted covering of {|z—}| <r/2}, (with total branch order 
m—1). There are at most a countable number of domains D® ~ 
to consider, and having added a branch point to each one © 
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satisfying the specified condition, we obtain a unique [7; P], a 
kernel of {%n; Pn}. There is clearly a one-one correspondence 
‘between the kernels 7 and the kernels 7. We shall call 7 the 
deleted kernel corresponding to 7. 

_ In defining kernels we have assumed that no P, was a branch 
point. It is possible to extend the definition to include the case 
where all P, are branch points of the same order. 

_ 26. Definition of convergence to kernel. The sequence 
{%n; Pn} converges to its kernel [¥; P] if and only if 


(18) {Fn; Pn} has a unique kernel [¥; P], 
and 

(19) {a subsequence { ee P,,} has the same 
: unique kernel |F; P]. 


The statement, “{%,; P,} converges to its kernel [¥; P],” 
will be abbreviated to “[¥,; Pna]—-[¥; P]” or simply “7,7.” 

It should be noted that the definitions of kernel and con- 
vergence jibe with the definitions in the plane case when all the 
F, are schlicht over Z. 

27. Structure of kernels. Various hypotheses on the 7, entail 
various properties of the kernels 7; but the situation is not as 
simple as in the plane case. The following facts are of interest. 

Ax) s, Tf GA is increasing (in the sense of Theorem 9) then 


Fame iy ws 


B). 7.37 does not imply 7,7. 

C). If all ¥, are schlichtartig then any kernel 7 is schlicht- 
artig. 

D). If ¥, and F are of genus p, and p respectively, where F is 
any kernel of {Fn}, then 

p S lim inf p,. 

E). 7, simply connected, 7,—7 does not imply that F is 
simply connected. 

The proof of A) is clear from the definitions of kernel and 
convergence. A simple example to illustrate B) is this: let € 
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denote the two sheeted unbordered covering of |z| <1 with a | 
single branch point over 2=1/2, and let a=0. Let F,= Cor | 
according as m is odd or even. : 
To prove C), let [¥; P] be any kernel of {F,; Pa}. lf Fis not— 
schlichtartig then there exists a retrosection of F consisting of 
two Jordan curves I; and I; on 7 which are disjoint except for _ 
a single point Q where I’; and I, cross. Then I',UT+ is contained | 
in a domain e4C¥ such that [e4; P]C[%n; Pa], for » suffi- 
ciently large, since ¥ is a kernel. Hence 7, contains a retro- _ 
section and is therefore not schlichtartig for 1 >». 
The proof of D) is analogous. Namely any set of disjoint | 
Jordan curves on 7 which do not disconnect 7 leads to a similar 
set on each 7, for n>mo. | 
Finally, as to E), let 7, be the two sheeted Riemann surface | 
of (g—n)/? with the point over z=1 removed from the “lower — 
sheet” and let P, lie over z=0 in the “lower sheet.” It is clear : 


f 


(ee - 


that 7, is simply connected and that 7,7, where F is Z with 
the two points 1 and © deleted. 

28. Before considering the extension of Theorem 6 there is | 
one point that requires discussion; namely the definition of 
subuniform convergence on a kernel. Let [¥; P] be a kernel of 
{a3 P,} and let 7 be the deleted kernel corresponding to 7. 
Let f,(3) be meromorphic on Fn. We shall say that f,(z)—f(z) 
subuniformly on F* af and only tf fa(z)—f(z) uniformly on any 
subdomain -ACF* whose closure e4— in 7 is compact. Since we 
are dealing with meromorphic functions, uniform convergence 
on c4 means that in the spherical metric, dist (fn(z), f(z)) <e 
for n>no(e) and z€c/. By the definition of kernel, f,(z) is de- 
fined on ¢e4 for »>m and hence the definition of subuniform 
convergence on 7 makes sense. If fn(z)—f(z) subuniformly on 
7 then either f(z) is meromorphic on ¥* or f(z) =. 

Now we shall decree that f,(2)—f(z) subuniformly on F if and 
only if 1) fr(z) f(z) subuniformly on 7 and 2), using the nota- 
tion of $25, if Q is a branch point of F added to D® then for any 
€>0 there exist no(€) and ro(e) such that, in the spherical metric, 
dist (f(z), f(Q)) <e for n>no(e), r<ro(e) and z€®B,. 

If fn(z) f(z) subuniformly on ¥ then f(z) is either =o or 
meromorphic on 7. For by 2) f(z) is continuous, in the spherical 


ae 
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metric, at any Q. Since f(z) is either =« or meromorphic on 
7 the conclusion follows. 

Correspondingly if fn(z) is meromorphic on [¥,; P,] and if 
[7; P] is a kernel of {%,; P,} we shall say that {f,(z)} is a 
normal family on EC7F if and only if every subsequence of 
{ fn} contains a subsequence which converges subuniformly on 


- 29. We start now with the extension of Theorem 7. 


THEOREM 10. Let [¥,; P,] be Riemann surfaces over Z, each 
containing a schlicht disc of radius ry about P, over z=aX% ~. Let 
[7; P] be a kernel of {Fn; Pn}. Let [Gri Qn] be Riemann surfaces 
over (, each containing a schlicht disc of radius so about On 
over w=bA~. Let f,(z) be meromorphic on Fn and let w=f,(z) 
map F, one-one onto a subsurface of G', with 


(20) dist (f(Px), Qn) > 0 


as n— ©, the distance being measured on G). 
Let f,(2) f(z) subuntformly on F with 


(21) f'(@)) =¢c#0, ~, at P over z = a. 


Then there exists a kernel [G; Q] of {Gn; Qn} and a subsurface 
[3c; QJC[G; Q] such that w=f(z) maps F one-one onto 3 with 
F(P) =Q. 

In general the kernel G will vary for different choices of 
kernels ¥. Consider for example any case where there is more 
than one kernel F and f,(z) =z. 

We first prove Theorem 10 under the additional hypotheses: 
F, has no branch points and f,(z) is locally schlicht on 7,, i.e., 
if A is any point of 7, then there exists a neighborhood of A in 
which f,(z) is schlicht. If A lies over a finite point of Z and is 
not a pole of f,(z) then this condition is equivalent to fy (z) #0 
at A. The corresponding conditions at other points A are ap- 
parent. 

It follows from (20) and (21) that f(z) is meromorphic on F 
and non-constant. As a limit of locally schlicht functions, f(z) 
is locally schlicht on ¥ and w=f(z) maps 7 onto an unbranched 
Riemann surface 3C over W, with f(P)=Q. By §24 we need 
only show that [3¢, Q] satisfies 1° of §22. Let B be any subsur- 
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face of 5C, containing Q, whose closure B- in 3C is compact. Let | 
B be the image of ACF under w=f(z). Then c4- in F is com-— 
pact. We must show that w=f(z) maps e4 into G. for n suffi- 
ciently large. t 
Since f(z) is locally schlicht, each point of 7 is contained in a~ 
schlicht neighborhood Uon #: {|z—a| <r} (or {|2| >}) such | 
that the schlicht disc 
} 


(22) U*=_{|z—a| <2}, doe (13 | Sa 
containing U, is in ¥ and such that f(z) and f,(z) are schlicht in | 


U* for n>no(U). ; 

Now ¢4~ is covered by a finite number of such neighborhoods: © | 
cA-CUNU;,. We may assume that PEU, and that UZU; is ; 
connected. We shall prove that w=f(z) maps U¥U;, and hence : 
cA- into G, for n>m. Let w=f,(z) map U; and Uf onto Vin 
and Vj, Then by Theorem 6 V;,, and Vin Converge (as plane 
domains) to their kernels V; and V7, and w=f(z) maps U;and Uf : 
onto V; and Vj‘. Now V; is the image of a compact set in Uf — 
and hence V;C Vi; C Virw for n>n;. Now, not as plane domains, : 
but on the Riemann surfaces, w=fn(z) maps UYU onto 
UlVE,CG,, and w=f(z) maps UYU; onto UYV.CU! VE, for 
n>max (m1, M2, - + +, mn). This completes the proof of the spe- 
cial case of Theorem 10. 

30. In the general case let 7° be the deleted kernel (cf. §25) 
corresponding to 7. 7 is a kernel of Wise Let 72%, (F**) denote 
72, (7) with all the (isolated) points at which f,(z), (f(z)) is not 
locally schlicht deleted. By Hurwitz’ theorem [28, p. 6], 7** is 
a kernel of {93*} and by the special case of Theorem 10 which 
we have already proved, w=f(z) maps 7°* into a kernel G’. 

Let P’ over 2 be a point of 7 at which f(z) is not locally 
schlicht. Then there is a schlicht neighborhood U’ of P’, over 
| z—20| <r, contained in 72 for n>, and w=f(s) maps the 
corresponding deleted neighborhood U* on #* onto a deleted 
branch neighborhood on G*. But the associated branch point is 
actually a point of G, since U’C7, and w=f,(z) maps # into 
G’, and therefore maps U’ onto the required simply connected 
Bn (cf. §25). Hence w=f(z) maps Prater into G and thus 
maps 7 into G’. 
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A similar argument disposes of the branch points of ¥. Let P” 


_be a branch point of ¥ over z=z,. Let U be the neighborhood 


~ over [z—z,| <r, and let U* be U with P” deleted. If U,, is the 
_ corresponding neighborhood in ¥, over |z—z,| <2r in which 


any compact part of U* is embedded, then for 7 small enough 
U, is simply connected (cf. §25). Let f(U*)=V*CG and 


~ fn( Un) =VnCGrn. Then V,, is simply connected and covers V*- 
_for n>. Since (cf. §28) f(z) is continuous at P’’, f(P”/)EV, 
CG. Since V*CG it follows that VCG or f(P”) EG. Thus 


w=f(z) maps 7 one-one onto a subsurface of a kernel G’, which 
completes the proof of Theorem 10. 
31. The extension of Theorem 6 is the following. 


THEOREM 11. Let [¥,; Pn] be Riemann surfaces over Z, each 
containing a schlicht disc of radius ro about P, over z=aX~. Let 
hie: P,.|-[F; rae 

Let [Gai Q,| be Riemann surfaces over W, each containing a 
schlicht disc of radius so about Q, over w=b#~, 

Let f,(2) be meromorphic on F, and let w=f,(2) map Fp, one-one 
onto G’, with 


(23) dist (fn(Pn), Qn) > 0 (n—> ©), 
and 
(24) lim f, (a) = ¢ 4 0, © at P, over a. 


n> 


Let ,(w) be the function inverse to fn(2), and let { bn(w) } forma 
normal family on any kernel [G; Q| of {Gui One 


Then the following two conclusions are valid: 

A). If fr(2) f(z) subuniformly on F, then [Gr; Qn]->[G; @Q] 
and w=f(z) maps F one-one onto G with.Q=f(P) and f(a) =c at 
P. Also $,(w)—(w) subuniformly on G and ¢ is the inverse of f. 

B). If {fn} is a normal family on F, if [Gri Qn][G; Q], and 
if F is, topologically, not a sphere, then f,(2)—f(z) subuntformly 
on ¥ and w=f(z) maps F one-one onto G. Also $,(w)—(w) sub- 
uniformly on G and @ 1s the inverse of f. 


32. Corollaries. The condition that { 6, (w) } be normal on any 
kernel G may be dropped provided either one of the following con- 
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ditions holds: 


a). There exists a fixed Riemann surface [eA; T] over Z such — 


that [7 n} PANG [eA ; 7) for n>no. In particular this condition 1s 
fulfilled if the F, are domains on Z or tf the sequence ee P,} is 
monotonic. 

B). There exists a constant N<~« and three distinct points 
21, 22, 23 of Z such that, for all n, there 1s no point of F, over % and 
at most N distinct points of Fn over 2, and 23. The significance of 
“distinct” here is that a branch point over 2 or 23 1s counted as a 
single point. 

We shall prove Theorem 11 and then prove the corollaries. 

33. Proofof A. It follows from Theorem 10 that there exists a 
kernel G of {G;,} such that w=f(z) maps 7 into G. If 3 is 
any kernel of any subsequence { Gi} then by the normality of 
{,} there is a subsequence, {An}, of {u,} such that ¢,,¢ 
subuniformly on 3 and, by Theorem 10, z=¢(w) maps & into 
¥. The composite function f(¢(w)) maps 3 into G. But on any 
domain -4C& whose closure in 5 is compact, fx,,(dr,,(w)) is de- 
fined and =w. Hence f(¢(w))=w and therefore =G. For a 
proper inclusion 3¢®CG®*® would be nonsense by the maximal 


i 
/ 


4 


| 


property of deleted kernels, and hence 3’ =G*. From the defini- — 


tion of kernel, # DG, and since 3CCG’, we must have 3 = G. It 
then follows from the specification of # that G,-G. 

Also w=f(z) maps ¥ onto G for a proper inclusion f(¥) CG 
would imply that the identical map of 5 onto G by w=f(¢(w)) 
were strictly into which is impossible. 

If u,z=n then @ may be any limit function of the normal 
family {on} on G. As we have seen, the only such limit func- 
tion is the inverse of f and hence ¢,—¢@ subuniformly on G. 
This completes the proof of A. 

34. Proof of B. Let {f,,} be a subuniformly convergent sub- 
sequence of Sint with f,,-f. By A, w=f(z) maps 7, which is 
the kernel of {,,,}, onto G, which is the kernel of {G\,}. If g is 
any limit function of the normal family {f,} on ¥, then g has 
the same mapping property as f and g~!(f(z)) maps F onto itself 
with P fixed and derivative 1 at P. By I Theorem 4 this map 
is the identity map and hence g=f. Therefore f,—f subuni- 
formly on 7. 
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The rest of B, namely that ¢,—¢ etc. now follows from A. 


This completes the proof of Theorem 11. 


35. Proof of Corollary a. The proof amounts to showing that 
the normality of {¢,} on G follows from the existence of ef 
and (23) and (24). Slightly more generally we have the follow- 


_ ing theorem. 


THEOREM 12. Let [G,; Q,] be Riemann surfaces over W, each 
containing a schlicht disc of radius sy about Q, over w=b. Let 
IG; Q] be a kernel of {G.; Qn}. Let z=¢,(w) be meromorphic 
on Gn, holomorphic in {|w—b| <so} about Qn, and map G, 
one-one onto a subsurface of a fixed Riemann surfacecA over Z. 
Let K be a compact subset of A, containing no point over z= ~, 


such that on(Qn) EK, Let 


(25) S| 60 (0)| S &, at Qn, 


where k ts a positive constant. 
Then {dn} ts normal on G and any limit function $(w) is such 
that 2=(w) maps G one-one onto a subsurface of eA. 


Remark. In applying Theorem 12 to prove Corollary a, the 
hypotheses of Theorem 12 are obviously fulfilled except for (25) 
and the fact that ¢,(w) is holomorphic in a disc {| w—d| <so} 
about Q,. We show that these conditions are also satisfied. Now 
{f,} is normal on 7 in both part A and part B of Theorem 11. 
By (23), {fn} is uniformly bounded at P, hence is uniformly 
bounded in the neighborhood U of P over |z—a| <r<ro for r 
small enough, and therefore is holomorphic in U. Since { fn(2) } 
is uniformly bounded it follows from (24) that f,(z) is schlicht 
in U for r small enough. Then by I Theorem 1 the image of U 
will cover a disc about f,(P,) of radius |c|r/8 for n>. By 
(23), On will lie within the disc about f,(P,) with radius | c| r/16 
for n>. Hence for such 1, ¢,(w) will be holomorphic and 
schlicht in the disc of radius so=|c|7/16 about Q,. It also fol- 
lows from I Theorem 1 that if fn(P,)=Q,, then P,/--P and 
fi (Pi), or $7 (Qn) —1/c, whence (25). 

Proof. We prove first that {¢,} is normal on G*. For this 
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purpose it is sufficient to show that {on} is normal on any 
simply connected subdomain 3¢CG*, whose closure 3¢~ in G® 
is compact, and such that @€3¢. The normality on G® then fol- 
lows in the standard fashion by means of the diagonal process. 


Since we must prove that any subsequence of {dn} has a sub- — 


sequence which converges subuniformly on 3 we may assume 
to start with that ¢,(Q,) ~P EK, P over z=a, and that ¢,/ (Qn) 
—7 40, ©. 

Let ¢=g(z) map the universal covering of e4 onto either 
re | <R<« or the complete {-sphere so that for a particular 


determination, gi(z), of g(z) at P, gi(a) =0 and gi (a) =1. In the | 


elliptic case e/4 is an algebraic surface of genus zero and we may 
assume that the pole of g(z) lies at one of the points of e4 over 
Z= 0, 


_ 
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Let ¢=g(¢.(w)) =Wn(w) be defined by ¥n(w) =gi(dn(w)) at Q — 


and analytic continuation. Since -CG’, for n> and since 3C 
is simply connected, W,(w) is defined and uniform on & for 
n>np. Also y,,(w) is schlicht on % and y,(Q)—0 and y,! (Q) 7. 
Since ¢,(w) is holomorphic in {|w—d| <so} about Q, ¥n(w) is 
holomorphic in {| w—b| <so} about Q; it is here that we use the 
specified normalization of g in the elliptic case. It follows now 
that {y,(w)} is normal on 3¢, for by I Theorem 1, W,,(w) is sub- 
uniformly bounded in { | w—b| <so} about Q, and maps 
{|w—b| <so/2} onto a domain covering a fixed neighborhood 
of ¢=0. Hence outside of { | w—b| <so/2} about Q, W,,(w) is uni- 
formly bounded away from 0. Hence {Wn} is normal on &. Let 
Yr, -v subuniformly on &. Since y,/ (Q) 740, ©, f=(w) is 
meromorphic, non-constant, schlicht on 3C, and maps 3 onto 
a subset of | ¢| <R on which the inverse function, g~!, of g is 
defined. It follows that g-1(W,(w)) = ¢,(w) converges subuni- 
formly on & to g—1(W(w)) =(w). 

Now any kernel of the surfaces ¢,(G,) is contained in e/4 and 
therefore z= @(w) maps G*® one-one onto a subsurface of «4 by 
virtue of Theorem 10. 

36. To reinstate the branch points and prove normality on G 
it will suffice to show that if ¢,-¢ subuniformly on G® ,then ¢ 
may be defined on G'so that ¢,—@ subuniformly on G. Let P’ 
be any branch point of G over w=w, let V, be that component 
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of Gover {| w—wo| <r} containing P’ and let V’ be V, with P’ 
removed. Let V,,, be the component of G;, over {| w—wo| <r} 
corresponding to V,, i.e., in defining G’, any compact subset of 
V2 is embedded in V,,,. By §25, Vy. is simply connected for r 
_ small enough and z=¢,(w) maps V,,,. onto a simply connected 
domain U,,,Cc4. Let s=¢(w) map V? onto U®Ce4. Now 
2=o(w) maps any compact set on V? into Us,» for n>mno0(r) 
~and hence, by the simple connectivity of Us,n, 


ae 


U? cS Os ai n> no(r). 


Now ¢,(w) is meromorphic on V3,, for 7 small enough and 
therefore U2,,n is finite sheeted over Z. Hence ¢(w) has a remov- 
able rather than an essential singularity at P’ and U? must bea 
deleted neighborhood on ¢4. By the simple connectivity of 
Uern, 2=$(w) maps V, onto U,C Uer,n. Thus z=¢(w) is defined 
on G and maps G onto a subsurface of ¢4. 

The normality of {¢,} on G involves more than the fact 
that ¢(w) may be defined on all G’, but this normality now fol- 
lows easily for diam U2,—0 as r-0 and U,;.1nC Ux, for n>mi(r). 
Then by §28 we see that {bn} converges subuniformly in a 
neighborhood of P’. Hence {¢n} is normal on G and we have 
completed the proof of Theorem 12. 

37. Proof of Corollary 8. As with a) we shall show that the 
hypothesis 8) entails the normality of {¢,} on G, provided the 
remaining hypotheses of Theorem 11 are satisfied. Now {¢,} 
is quasi-normal [14] on G®; that is, any subsequence of {on} 
contains a subsequence which converges subuniformly on G* 
where G* is obtained by removing a finite number of points 
from G”. This fact may be seen as follows. Any subsequence of 
{¢,} contains a subsequence {,,,} such that the points of G° 
where ¢), (w) =: or 23 tend to points Ti, T2,---, Tx (OSkSN) 
of G® and (possibly) to the “ideal boundary” of G®. Then the 
G* associated with {¢,,} is obtained by removing the k points 
T; from G®. Clearly ¢,,(w) does not assume the values 2, 2, 23 
on any compact subset e4 of G* for n>n(eA) and hence {or, } 
is normal on G*. Let {¢,,} be a subsequence of {¢,,,} such that 


u,(w) > o(w) 
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subuniformly on G*. 

By the remark following Theorem 12, ¢,(w) is schlicht and 
holomorphic in a disc V about Q©G’. Together with (23) and 
(24) this fact implies that {¢,} is normal in V and that no limit 
function of {¢,} is constant in V. We may assume then that 
VCG*, for any T; which is a point of V need not be removed. 
Also ¢(w) is not a constant and hence ¢(w) #2 on G*. 

Let S; be a schlicht neighborhood of T;, bounded by a 


circle y;, such that Sy; =S;Uy;CG*. Then if 44%, Y,,(w) | 


=1/(¢,,(w) —21) is holomorphic in S; and converges to y(w) 
=1/(¢(w)—2:) on ;; if z= 0 we use Y=¢. Since Y(w) is 
bounded on ¥; it follows from the maximum principle that 
W,,(w) is uniformly bounded in S; for n>. Therefore {y,,} 
is normal in S; Then {¢,,} is also normal in S; and since 
¢,,—¢ at all points of S; except T;, the definition of ¢ may be 
extended so that ¢,,—>¢ uniformly in S;. Therefore ¢,,—¢ sub- 
uniformly on G*. 

Now if P’ is any branch point of G over w=w, let V,, V2, 
V,.n, U-=@(V,) and U;n=@(V;,n) be as in §36. To simplify the 
labelling we shall assume that uyz=n and ¢,—¢ subuniformly 
on G’. Since ¢#2; (¢=1, 2, 3) except at a finite number of 
points on G*, dz; (¢=1, 2, 3) on V? for x sufficiently small. 
Therefore ¢ has a removable singularity at P’ and we extend ¢ 
to all of G accordingly. Also 


(26) diam (U,) - 0 as r—0, 


where diam (U,) denotes the diameter, measured in the spherical 
metric, of the projection of U, into Z. 

Let y, and ¥,,n be the boundaries of V,, and V,,, respectively. 
If f(w) #2, on ¥,, then 


o— & n= 2 
(27) A arg nee A arg Ma : 
Vr co) tree Yrin Pn — & 


, 


for 2 >m, which is a consequence of the fact that ¢,-¢ on y;. Also 
it is clear that (27) holds for ~>m,(r, €) and all z4 such that 
dist (4, U,) >e>0. For any such 2, (27) becomes: (number of 
a-points of ¢ in V,)=—(number of 2,-points of ¢, in V;,,n) 


g 
= 
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; since ¢,~%. But the two parentheses in this equation are non- 
__ negative and hence each is zero. From the first we obtain: 


$2 on Gand from the second: 
diam (U,,,) S diam (U,) + 2e, n> ni(r, €). 
By (26), diam (U,)<e for rSro, and hence diam (U,,,)< 


_ didm (U;., 2) <diam (U,,) +2e<3e, or 


diam (U;,n) < 3e, n> nee), 7 < role). 


By §28 it follows that ¢,-¢ uniformly in a neighborhood of P’ 
and hence ¢,—¢@ subuniformly on G’. This result completes the 
proof of Corollary ~. 

It should be noted that we have used the fact that the branch 
point P’ is actually a point of G in deriving (27); namely, 
V,,n is simply connected and the complete boundary of V,.,, is 
Yr,n, Which corresponds to j¥,. 

38. Remarks. It is of course possible to generalize Corollary 
B to the case where 2; =2;,, varies with m, provided there exists a 
constant k>0 such that, in the spherical metric, 


dist (4¢-n» Sin) c.f; 1%#5j,n21. 


The proof of this generalization is easily reduced to Corollary 6 
by means of the transformations 
(Z,n ae Z1,n) (bn(w) a Z2,n) 
ONO Be ee mae ge Oe RL 
(Z3.n oe Z2,n) (bn(w) rs Z1,n) 


The following simple example throws some light on Theorem 
11. Let %, over Z be two sheeted with two first order branch 
points over s=n and z=; let P, be one of the points of 7, 
over s=0. Let G,=W and let Q, be the point w=0. Clearly 
[¥n; Pa] =the finite z-plane, and G,-G=W. Let 


w= fr(z) = 2n — 2V n(n — 2), 
z= ¢,(w) = w— w?/An, 


Clearly all the hypotheses of Theorem 11, part A and part B are 


: ta 
fle) ~ 10 = ron - subunifon 


Now w=f(z) maps F into Ce not onto, and hence the hyp th y | 
that {¢,} be normal on G'is essential to both part A and. eB : 
| 
| 
| 
| 


of Theorem 11. 
This same example shows that in Corollary 8 it would not do. 

to allow a finite number of points over 2. > 

= If we switch the roles of z, w and F,, G, and make G not a 

; sphere by removing a fixed point, say w=1, from all G, and 

removing the corresponding points from the‘ Fn, then we see that 

. the requirement that { fn be normal on 7 is essential in part B 

of Theorem 11. 


ee ee ee en ee ee ee 


III. REAL ENTIRE FUNCTIONS AND 
RIEMANN SURFACES 


1. The class W,. The Riemann surface G' over W belongs to 
_ W.,, if and only if G is the image of Z by a polynomial w= P(z) 
_ of degree n+-1 such that 


| a) P@) = II(1- =), 


y=1 b, 
(2) Ob Ss bys = 6, 
and 
(3) PO)= 0. 
Also let 
(4) a, = P(d,), 1SvSn. 


It is a simple matter to construct any such G’' by the well-known 
process of considering the points of Z where P(z) is real. These 
points constitute the real axis and mu Jordan curves C,, on Z, 
symmetric about the real axis, C, intersecting the real axis at 
b,, and such that all C, are disjoint except for z= © which is 
common to all C,, and some of the points b, if not all the in- 
equalities in (2) are strict. Let the »+1 disjoint domains of Z 
determined by the C, be D,, 1SvSn-+1, where D, is the 
domain between C,_; and C, (and containing the interval 
(b,-1, b,) of the real axis) for 1<v<nu-+1, D; is bounded by C; 
alone and D,,4: is bounded by C, alone. Let D* (D>) denote that 
part of D, which lies in the half-plane 3z>0 (3z<0). By apply- 
ing the theorem of Darboux [19, pp. 397-401] to each D? the 
structure of G’ becomes obvious. Namely, G consists of +1 
sheets S,, 1SvSu+1, where w=P(z) maps D, schlichtly onto 
S,. For 1<v<n-+1, S, is W cut along the real axis from a,_; to 
(—)’o and from a, to (—)’t1. For y=1 and m-+1 there is a 
single cut: from a; to + © and from a, to (—)"*+! respectively. 
The connection of the various sheets is determined by the man- 
ner in which the D, border one another on Z. Namely, S, and S,41 
are joined “criss-cross” along the corresponding cuts issuing 


41 
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from a,. As a result, G is (7+1)-sheeted with a total branch 
order of 2m. In general, when the inequalities in (2) are all 
strict, G possesses » first-order branch points and one branch 


point of order m (over ©). Also, since G' is the image of Z, G ~ 


is closed and of genus zero. The above construction of G im- 
plies that 

n 
2 


(5) 0< a1, ep = Gevt1, 1 = v =< 


In other words, the sequence {a,} oscillates regularly. This fact 
is also directly apparent from (1) and (2). 

Conversely, any G which consists of n+1 sheets S, hung to- 
gether along the cuts specified above, where ay satisfy (5), ts of 
class W,,. Because of (5) this construction of G is possible. The 


resulting G' is clearly closed and of genus zero, with a single © 


point over infinity. Hence G' is the image of Z by a polynomial 
P(z). By normalizing this map properly, P(z) may be made to 
satisfy (1), (2), and (3). Namely, by the symmetry of G’, the }, 
will lie along a ray (which may be made the positive real axis) 
if oc and P(0)=0CS);. Finally we make P’(0) =1 by the 
proper choice of a unit in the z-plane. 

Because of this normalization: (2), (3), and P’(0) =1, which 
is a consequence of (1), it is clear that the correspondence be- 
tween W, and all polynomials satisfying (1), (2), and (3), is 
one-one. 

2. The Classes Wy, W,'*. The Riemann surface G over W be- 
longs to Wi, (n=0, k=O) af and only if G is the image of the z-plane 
by an entire function w=f(z) of the form 


(6) pa) = TT (1-4), 


y=1 v 
(7) f(0) = 0, 
(8) 0 <0) Bibs Se Sees Bey 
and 
(9) m(z) = C12 + coz? + +++ + cx2*, c; real, cx, ¥ 0. 


W;, is split into two subclasses as follows: Wi* (W-) consists 


| 


ee 
=> 


7a 


y 


5 


a4 


‘ 
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of those surfaces in Wr for which c,.>0 (cy<0). The reason for 


distinguishing between these two subclasses will appear in §19. 
If k=0 we interpret (9) as r(z) =0; then W2=W,,. 
In order to make the correspondence between W7 and the 


_ functions of the form (6, 7, 8, 9) one-one we specify the point 


PoGG, over w=0, corresponding to z=0. As may readily be 


_ shown by example, when is odd it may sometimes happen 


‘that two distinct functions of the form (6, 7, 8, 9) will give the 


“same surface G with two different points corresponding to 


z=0. Thus we decree that the elements of WZ shall be [G; Po], 
not simply G. 

It should be noted that these classes of Riemann surfaces, 
as well as various classes to be defined later, constitute a classi- 


fication of certain simple Riemann surfaces G' as definite cover- 


ings of @, but are meaningless for G' considered intrinsically. 

3. We next obtain the characteristic properties of the sur- 
faces in Wy as coverings of W. Let G be such a surface, asso- 
ciated with (6, 7, 8, 9) and set 


(10) a, = f(d,), 1svsn. 


The sole algebraic branch points of G' lie over w=a,, 1SySn, 
and if the inequalities in (8) are all strict there is a single first- 
order branch point over each a,. Also it is immediate by (6) 
and (8) that 


(11) 0< 4a, Gey S A241, 1S 7s n/2. 
Now 
x (er 
N 
subuniformly in the z-plane. Let fy(z) be defined by 
(13) fu(e) = (1 a =)"TI(: =); fy(0) = 0. 


Set ¥y = =2-plane, with Py =0. Let Gy be the image of Fy 
by w =fy(z) with fnu(Py) =Qy over w=0. By (12), 
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(14) fu(2) > F(@) 


contain a schlicht disc of radia ro/8 and center Qy, a N>WNo. © 
Hence all the conditions of II Theorem 11, Corollary @ are ful- — 
filled and by part A, 


(1s) Gu: Onl 1G:0] | 


and w=f(z) maps the z-plane onto G. Thus we can determine . 
the structure of G from the structure of G'y. 

4, We next determine the structure of Gy. First, Gy will 
have branch points over 


(16) an, = tr(b), 1 < Vv < Nn. 


If the inequalities in (8) are all strict, these branch points are 
all of order one. Otherwise, some branch points coalesce but 
their total branch order is still . 

We next note that the zeros of (1-++7(z)/N), of which there 
are k, will be distinct for VN > No. Let these zeros be 


(17) Baws 1 Ss Vv < k, | 
and set | 
(18) In (Bn,») = AN,» 1 < pes k. 


Then G'y has k branch points of order N over the points ay. 
Also 


(19) lim By,» = ©, 


Noo 


More precisely, considering the asymptotic behavior of 7(z), the 
roots By,» occur in non-real conjugate pairs except for the fol- 
lowing exceptions: 


(20) k=2p, cx>0; no exceptions, 

(21) k=2p+1,¢,>0; one exception: By,2p11<0, 

(22) k=2p+1,cx<0; one exception: By,2p41>0, 

(23) k=2p+2, ce<0; two exceptions: By 2p41<0, By,2»42>0. 


— 


1h 
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_ We shall assume that N is so large that any of these real roots 
a lie outside the interval [0, 5,] of the real axis. In all four cases 
there are p pairs of conjugate roots By,, and we set: 


} (24) ee 1Lisirs Se, 
JBv.» < 0, ptis»vs 2, 

and 
(25) BN. p+» a By,» 1sp = Dp. 


The two branch points of Gy over ay, and ay,» are sym- 
metrically placed in G'y; precisely, if y: w=w(t), OS#S1, isa 
curve in Gy from Qy to the branch point over ay,, then 
7: w=w(t), OS#S1, is a curve in Gy from Qy to the branch 
point over ay ,p1»=Qy,». 

Gw is the image of the z-plane, but since fw(z) is a poly- 
nomial, we see that Gy has a deleted branch point of order 
kN-+n over ©. 

5. For the moment we assume that 


(26) Jan,» ~ 0, isys 2p. 


With each branch point over a point ay,,, 1SvS2p, we associ- 
atearayI'y,,on @ from ay, to © so that: 'y,,,, and I'y,, are 
conjugate, and each I'y,, lies entirely in the half-plane 3w20 
containing ay,,. Also any two of these rays on W shall be dis- 
joint unless the corresponding values a are equal, in which case 
the rays shall be identical. That this construction is possible is 
easily proved by induction on , starting with the a of smallest 
modulus. For the one or two possible real values of a, as in 
(21, 22, 23), I'w., shall be one of the intervals of the real axis 
determined by a. 

Now Gy is cut up by k(N+1) rays, N+1 over each I'y,,, 
1<v<k, issuing from the branch point of order N over ay,y. 
Since none of these branch points are in the curve, yy, on Gy, 
corresponding to the interval [0, 5,] of the real axis in Z, those 
(none, one, or two) rays I’ on the real axis in @ may be chosen 
so that none of the real rays on Gw intersect yy. These k(V+1) 


46 Riemann Surfaces and Asymptotic Values 


rays are all disjoint on Gy except for the common end point of 
the group from any one branch point, and all end at the de- 
leted branch point over ~. It follows from these facts and the 
simple connectivity of Gy that Gy falls into kN+1 pieces. 
Since yw lies in a single piece, vy, and contains all the branch 


points remaining, the other RN pieces are all schlicht coverings © 
of @ with one or more of the rays I’ removed, for such a slit : 
W is simply connected. Since Gy is a (kN-+n-+1)-fold covering — 
of @, 3cy is an (n+1)-fold covering, and considering the nature 
of yy, it is easily proved that 3Cy may be obtained by removing © 
certain symmetrically placed rays over some of the 'y,, from a — 


surface 3Ch GC W,, (cf. §1). In case (20) these cuts occur in conju- 


gate pairs, the number of pairs being between 1 and . In case © 
(21) there will be one cut along a part of the negative real axis 


of S; as well as g pairs of symmetric cuts, 0S qgSp. Case (22) is 


similar: the single real cut lies in S,41, along the positive or — 


negative end of the real axis according as m is even or odd. In 
case (23) there are two real cuts, one in S; and one in Sy41.. 


It is clear now that the assumption (26) may be dropped, for © 
the branch points of Gy may be altered slightly, if need be, to — 


satisfy (26), Gy cut up, and then the various pieces, Sy etc., 
altered to put the branch points back in their proper places. 
The essential fact to note here is that N was chosen so large 
that no branch point of order NV occurs on the curve yy. This 
fact is significant when N—o as we shall note in §11. 

6. From. this dissection it follows that the surfaces G'y, for 
given 1, k and ay,, are exactly those surfaces which are obtain- 
able by the following construction: we start with a base surface 
5 of class W,, with branch points over ay,y, 1Sv<n, and sheets 
Sy as in §1. KH is cut symmetrically along q disjoint rays, 1Sq 
Sk, which form a combination of one or more of the following 
possibilities: a single cut from a,<0 along the negative end of the 
real axis in Si, a single cut from a2 along the (—)" end of the real 
axis im Sn41, and, pairs of symmetrically placed conjugate cuts in 
5C. None of these cuts contains any branch points of #. Along each 
cut N copies of the w-plane with the corresponding cut are attached 
cyclically; a branch point of order N is thus formed over the finite 
end of each cut. The resulting surface, KR, has q branch points ot 


— EERE 


= 
a 


_ order N as well as the branch points of 3 and a deleted branch point 

of order gN-+n over ©; KH is a (gN-+n-+1)-fold covering of the 

_w-plane. This process is now repeated: 3 ts cut symmetrically 

_ and new sheets are added, creating new branch points of order N, 

etc. The process terminates with 3°” when k branch points of order 
N have been created. 

In brief, Gv is obtained by attaching, symmetrically, k “exten- 
_stons of order N” to a surface of class W,, one “base point” of each 
extension being over ~. 

The need for repetition in this process is clear, for some of the 
extensions may be “hung” onto previous extensions rather than 
onto 3 directly. 

7. That any surface Gy obtainable in this way is associated 
with a unique function fy(z) satisfying (13), (8), and (9) is 
easily proved. For G'y is simply connected and the addition of 
a single point over ~ gives a closed surface. Thus G'y is asso- 
ciated with a polynomial, fy(z), of degree Nk+n-+1; the obvious 
normalization, fy(0) =0€S; and fy(0) =1 clearly implies (13), 
(8), and (9). 

8. The significance of (20, 21, 22, 23) is now clear: in case (20) 
the extensions occur in p conjugate pairs; in case (21) there is a 
self-conjugate extension hung onto S; plus p pairs of extensions; 
in case (22) there is a self-conjugate extension hung onto S41 
plus p pairs of extensions; in case (23) there are two self-conju- 
gate extensions, one hung onto S;, one hung onto S,41, plus p 
pairs of extensions. 

9. We now determine the structure of G from that of Gy 
and (15). From (14) and (16) we have, 
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(27) ay,»— a, = f(b), N-o-o,1sSvsn. 
It may also be proved directly that 


(28) QN,v—? Ay, N= ao, 1 => 


lA 
— 

lA 
= 


where the values a, are the finite asymptotic values of f(z) cor- 
responding to the & sectors in Z in which e* tends to zero. 
Namely, if (28) is valid then clearly the kernel G' will consist of 
a surface of class W, with k symmetrically placed logarithmic 
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extensions added (described precisely in §10), whereas if (28) 
were not valid, (15) would be impossible. 

10. The surface G'E Wy associated with (6, 7, 8, 9) may be ob- 
tained as follows (cf. §6): we start with a base surface KEW,, 
with branch points over ay, 1 Sv Sn, and sheets Sy, + + + , Snz1 as in 
§1. 5C is cut symmetrically along gq disjoint (in &) rays, 1SqSk, 


each ray ending over w= ©. Two infinite spirals of sheets are hung — 
along each cut, one on either shore: that 1s, if R 1s the ray 1m ques- — 
tion, running from w=a to w=, these two spirals are the two — 
components of the Riemann surface of log (w—«a) cut along a ray ; 


R; we say then that a logarithmic extension has been attached to # 


along R. The resulting surface has q finitely located logarithmic | 


branch points and q logarithmic branch points over ~. This 


process is iterated until the final surface G has k finitely located — 
logarithmic branch points over ay, Qe, ++ +>, Ak; G also has k ~ 


logarithmic branch points over ©. 

If GEWs* there is no self-conjugate extension attached to 
Sn4i. There ts (is not) a self-conjugate extension attached to S, if k 
1s odd (even). 

If GEWR there is a self-conjugate extension attached to Sy41. 
There is (ts not) a self-conjugate extension attached to S, if k is 
even (odd). 

Clearly, because of the normalization of f(z), if there is a self- 
conjugate extension hung onto Sy, then the affix a of the logarithmic 
branch point satisfies a<0. That ts, f(0) =OES}. 

11. The restriction that the various cuts in & (or the cuts in 
any subsequent stage) be disjoint is important. Otherwise G’ 
might be disconnected. For example, if S; is cut long two conju- 
gate rays from a, 0<a<a, and two logarithmic extensions 
added, the result is two surfaces, not one. 

12. The proof of the proposition of §10 is clear from (15), 
(27), the structure of G'y and the definition of kernel. The de- 
tails of the proof are readily carried out after noting that: 
1) relations of the form (28) hold for some subsequence N; 
of the integers, and 2) the various sheets of G, with fringes 
added, form an open covering of G® and any compact part 4 
of G® is contained in a finite number of these fringed sheets. 

That G' actually has k finitely-affixed logarithmic branch 
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j points (in other words, that some of the branch points of order NV 
_ do not “slide out” of the kernel) follows from the fact that f(z), 


vas is apparent by (6) and (9) has k distinct asymptotic tracts 


_ associated with finite asymptotic values. 


| 


13. Since G has a finite number of branch points, actual and 
logarithmic, G’ may be represented by a graph. The general 
theory of such representations was developed by Elfving [5]. 
The symmetry of G is of particular interest here, but this sym- 
‘metry will in general not be apparent in such a representation, 
because of the various branch points both over and not over 
the real axis. However, the complex will be symmetrical when- 
ever there exists a Jordan curve I on W which passes through 
the projections of all the branch points of G and which is sym- 
metric in the real axis. If all the logarithmic branch points lie 


over the real axis, the real axis is such a curve. 


Another simple case is the following: 1) none of the finitely-af- 


- fixed logarithmic branch points lie over the real axis and 2) there 


is a single branch point of order m over a;=a2 +--+ =an. Now 
the restriction 2) is not of great moment in obtaining an overall 
representation of G. If 1) is satisfied, let | 3a,| >€>0 and let D 
be the rectangular domain on W with vertices at max a,+e+ie 
and min a,—e+ze. Then the various components of G' which lie 
over D are all schlicht except for one, D, which is an (n+1)-fold 
covering of D and contains all the algebraic branch points of G. 
Let D* be the (x+1)-fold covering of D with a single branch 
point of order m over a, where a is real. If G is altered by re- 
placing D by D*—in short, by collapsing all the algebraic 
branch points of G' into a single branch point—then the new 
surface G* may be represented by a symmetric graph. This 
alteration of G' to G* clearly has no effect on the arrangement 
of the logarithmic extensions in G. 

14. We have shown that any surface GE W? is obtainable 
by the process of §10. Conversely any surface G obtainable by 
this process is of class Wi as we now prove. This result is of 
course a corollary of Elfving’s results [5], but the following 
proof is more in keeping with the methods of this paper. 

Let G be a Riemann surface over @, obtainable by the 
process of §10, with the branch points of the basic surface 3C 


= 
4 
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over a,, 1<v<n, and with & finitely affixed logarithmic branch 
points. Let Si, Sz, +: > , Sn41, be the sheets of 5. We wish to 
prove that there exists f(z) satisfying (6, 7, 8, 9) and such that 
w=f(z) maps the z-plane onto G’, with f(0) =0GSi. 

Now G is the kernel of a sequence of surfaces G'y of the type 
described in §6. Namely, each logarithmic extension in G is re- 
placed by an algebraic extension and the points of Gy over © 
are deleted. In the present case the branch points of G'y and of G’ 
will have the same affixes, which is simpler than the situation of 
§4, This simplicity is offset by the dependence of w(z) and 0, on 
N in the equations corresponding to (13). 

There are four cases to consider: 


(A) k=2p, G has no self-conjugate extensions, 
(B) k=2p+1, G has a self-conjugate extension hung into Si, 
(C) k=2p+1, G has a self-conjugate extension hung into Sn41, 
(D) k=2p+2, G has two self-conjugate extensions, one hung 
| into S; and one in Sy41. ; 
Now Gy is the image of the z-plane by a polynomial, w=fy(z), 
where 


(29) fw(0)=0ES:,  fr(0) = 1, 


©. Hd THQ 5) Eling) 


(31) 0<dy1 5 bn2 S++: S byw, 


(32) { Bn,i = pwie"™.i, 0< On,3 <7, 1SjS8>, 
By pti = pn, ie 8.3, t=7Ss 7 
and 
By 2p41 < 0 in cases (B) and (D), 
(33) 1 By,2p41 > bywn > 0 in case (C), 


By ,2p+2 > bn,»n > O in case (D). 


15. 21f {fv(z)} is normal in the z-plane then it will follow 
from II Theorem 11 and Corollary a that fy(z)—f(z) and that 
w=f(z) maps the z-plane onto G. We shall prove that { fr} is 
normal and that any limit function f is of the form (6, 7, 8, 9) 
and hence that G@W,. More precisely, in case (A), (B), (C), 


, 
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or (D), Gis in Wa?*, Wa?tht, w2?th- or W2?t* respectively. 
The proofs for the first three cases are included in the proof of 
‘case (D) by the following ruse: to obtain case (A) set By,op41 
=By,2»42= ©; to obtain (B) set By,2p42= ©; to obtain (C) set 
By .2p41= © and then replace By 212 by By,2941. This procedure is 
justified since the following proof of case (D) involves only the 
reciprocals of the By,;. 
_ 16. Now Gj, and hence each Gw, contains a schlicht disc in S; 
of radius 46 and center w=0. By I Theorem 1 each fy(g) is 
therefore schlicht, and { fu} is subuniformly bounded, in | z| 
<6; hence {fy} is normal in |z| <8. The families {ff} and 
{log fir} are also normal in | <6. 
Let {N ss be a subsequence of the integers such that 


(34) lim by,» = by, Iessy 


Sn, 
i 
(35) aa On,,5 = 93, 030; S's, 1354 5 2, 
and 
(36) fn z) > f(z) subuniformly in | 2 | <6, 
By virtue of (31) and since fx(z) 40 in | z| <6, 
(37) 0< 0S hiss --* Sb, Sm, 


It is easy to prove directly that b,< ©, but this fact will be a 
consequence of the end result and is not needed now. 
By (34), 


(38) eee) 


subuniformly in |z| << as i. Set 


eNe 
me ; 
By (36) and (38), 


(40) exe) 4) = 0) / mi(i- =) 


» 


(39) gv(z) = I] (.- 


j=1 


(41) nea _ ee a sab ts} <3al 


e 2. 
the 
where bets 
ae | ~ 
(42) Exiga? aan 
j=1 By; 
By (32), i 
1 P. cos cos gOn,i : 
(43) Cua = 4 ; - + 2>) ——— 
By opt1 N.2p+2 = PN,5 
By (40) the following finite limits exist: 
(44) Cnia > Cas t+0,154. 


We now use the Dirichlet “box” argument [8, Theorem 201]: 
for e>0 there exists an integer m such that 


m0; =e;(mod 2m), |e;| Se, 1<i<p. 


In particular, choosing e<7/4, there exists a positive integer m 
such that cos 2m0;>0, 1Sj<p. By (35), 


(45) cos 2m@y,,; 2 n > 0, 1339S pt San 


Hence when N=N,,1>%, and qg=2m, all the terms in (43) are - 


positive and from (44) and (45) it follows that 


E : 
Ni >>| By;i/2” =e O(1), to, 
ful 
and a fortiori 


(46) = ONES). te eae 


| By..4| 


From (46) and (39) it follows that, for any R>0, log gy,(z) is 
holomorphic in |z| <R for 1>7o(R). Also, for |z| SR, 


ple athe Ne Aer dhcmabh sll mag 


Se ee ek et od Me Poe ee 
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2m gt co gf 
log gn, (2) a a Cyi.4 enki aie Ds, Cx. — 
gq=1 qd q=2m+1 q 


mor 5 eis) 
gel gaee™ 


) R q 
MA ODA Gam) 
q=2m+1 Nees 


R2mrl1 
Ol cep) ae 4 => Ol, 
Hence, by (44), 
(47) oe FA) as alee 
qu 


subuniformly in | z| <o. Comparing (30), (38), (39), and (47), 
and setting —C,/q=c,, 


(48) f(z) > f (2) = er II(: ee ra i », 


v=1 b, 


subuniformly in | z| <o, and 
2m 

(49) a(z) = >> cq2%, Cq real. 
g=1 


Now, as remarked in §15, it follows that fy(z)—f(z) and 
w=f(z) maps | z| < © onto G. From (48) and (49) together with 
(29) and (37) compared with (6, 7, 8, 9) it follows that GEW,; 
for some h<2m. But we know that G’'has k finitely-affixed log- 
arithmic branch points and hence it follows from §10 that h=k, 
i.c., Cg=0 for kR<qS2m and c.,+%0. Since G has algebraic 
branch points of total order n, it follows from (48) that b,< ©, 
which completes (37). Combining this result with §10 we have 


THEOREM 1. GE W, if and only if G is obtainable by the con- 
struction process of §10. Also GE Wt, (Wr) if and only if 
there is not (1s) a self-conjugate logarithmic extension attached to 
Sn 
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17. Definition of the class W. This class is just the class Wn 


of §1 with n=. That is, G, a Riemann surface over W is in W 
if and only if: 


1° there exists a sequence of real numbers {a,}/ which 


satisfies \ 
(50) 0< a, A Govt, i<% 


and such that infinitely many of the inequalities (50) are strict, 
and 

2° if S, is the w-plane cut along the interval (a1, + ©) of the 
real axis and if S,, 1<v, is the w-plane cut along the two 
intervals (a,1, (—)’~) and (a,, (—)’t!), then G' consists of 


_ Oe ee een Pe eee 


the sheets S,, 1<v, with the shores of the cuts identified as in © 
§1: that is, S, and S,41 are joined “criss-cross” along their cuts — 


issuing from a,, for 1 Sv. 


If GEW then G is open.and simply connected and has alge- | 


braic branch points over w=a,; if the inequalities (50) are all 
strict then there is a unique first order branch point associated 


with each a, (although various of the a, may be equal). The © 


simplest example of a surface of class W is the Riemann sur- 
face, Go, for s=(arccos w)?, where a,=(—1)’t!, Another 
method of characterizing the general GE W is: G may be de- 
rived from G» by a continuous displacement of the branch points 
of Go over the real axis, the branch point over a; remaining over 
the positive real axis during the displacement. 

In [12, Theorems II and IIa] we proved the following 
Theorem. 


THEOREM 2. A Riemann surface G over W is of class W if and 
only if G is the image of the z-plane by an entire function, w= f(z), 
satisfying: 


Ci “a * =), f(0) =0E Sy, 


v=1 
1 
1 4, 


(52) O by Bila S 5 cS be oe < o, 


and 


(53) 520. 


+ 
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_ Theorem 2 is a simple special case of Theorem 3, the prin- 
cipal theorem of this chapter. 

18. Definition of the classes W*. A Riemann surface G over W) 
1s of class W*, k a non-negative integer, if and only if G consists 
of a Riemann surface KEW enlarged with k symmetrically ar- 
ranged logarithmic extensions. That is, G is derived from 3 by 
the process of §10. 

That 30CW, rather than CCW, as was the case in §10, 
obviously has only one effect: G' contains at most one self-conju- 
gate extension, namely, one determined by the interval (— ©, a), 
a <0, of the real axis in S,;C&. This self-conjugate extension is 
present if and only if k is odd. The restriction a<0 is for con- 
venience in normalization only: we shall consider maps w=f(z) 
of the z-plane onto G with f(0) =0GS; and f() =f(z). The con- 
dition a<0 is not a real restriction on the variety of surfaces 
obtained, for clearly we must have a<a, and the translation 
W,=W—d0, A<do <ai, will reduce the general case to the case 
a<0. 

The reason for requiring infinitely many of the inequalities in 
(50) to be strict is now apparent: if for some 1, dn #@n41 =a, for 
all y>n then the corresponding surface constructed as in §17 
is in Wi and the surface constructed in §18 is in With, 
Hence the restriction on (50) amounts to making the classes W* 
disjoint from the classes W*. 

For k=0, W°=W. 

In [12] we considered the class W! and obtained (Theorems 
I and Ia) the form of the uniformizing functions. Again this 
result is contained in Theorem 3 which exposes a one-one cor- 
respondence between the surfaces of each class W* and an 
associated class of entire functions. 

19. Let GEW*, k20, be fixed. Now G' is the kernel of a 
convergent sequence, {Gui On of Riemann surfaces over @, 
where G,G Wt, n>mo. Namely, G, is formed from G' by 
dropping the sheets S;, j>”-+1, of 3C and removing the cut 
over (dn41, (—)"®©) from S41. Since & is finite, there exists an 
my such that all logarithmic extensions in G' are connected 
(directly or by a “chain” of logarithmic extensions) to the 
sheets S,, 1SvSmo+1. Hence in dropping S;, 7>"+1>0+1, 
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no logarithmic extensions are dropped and the resulting surface © 
G, is in Wet. Let Q(Qn) be the point of G(G;.) in S; over w=0. 
Then 1G; 0.1—1GyO]- t 

This proposition is most easily proved as follows. By the © 
definition of G,, it is clear that G® has the embeddability prop- — 
erty 1° of II §22. Let [K®; Q] be any kernel of {G?; Q,} and © 
let e£CK® be a subsurface such that e4-CK? is compact and © 
OCCA. Then [-4; 0] C[GS; Q,|, 2>mo, and hence, by the con- — 
struction of Gy, [e4; @]C[G*; Q]. Let {e4;; Q} be an exhaustion 
of K®. Then [-4;; Q]C[G*, Q] for all 7 and hence [K*; Q] © 
C[G*; Q]. By the maximal property of any K? we then have ~ 
[K?; 0] =[G*; Q]. Hence [G?; Q,]—[G*; Q]. Finally, the rein- 
statement of the algebraic branch points is trivial, and [Gus On| 
= Gro} 


20. Let w=f,(z) map |z| <© onto G,, with 
(54) fr(0) =OESi, fa (0) = 1. 
Since G,C Wt we have from (6), (8), and (9): 


(55) i= cme TT(1 — : ), 


ny 


b 
(56) 0 < Dnt Ss bn,2 S ee = Gains 


(57) dn(z) = Cnaz +--+: + Cn,n2*, Gn,z real, Ca,x > 0 


Since each G;, contains a schlicht disc of radius 46 and center 
0 in Sj, it follows, as in §16, that the functions f,/ () are sub- 
uniformly bounded in |z| <6 and also that the functions 
log fn (2), determined by log f,/ (0) =0, are holomorphic and 
subuniformly bounded in | z| <6. In particular, let M be a 
constant such that 


(58) | log fy (2) | < M, nz=1,|2| S$ 6/2. 
Since f,/ #0 in |z| <6, 
(59) 63:51. 


Now in | z| <P ht) 
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ee se 


pokt1 M y=l bY 


(60) Yow £00) = Let fong = = 


b y=1 bee v. 


_ By (58) and Cauchy’s eae 


(61) Pi ae u (=) = M LeSmicaak, 
i M y=1 ale 6 
and 
4 Lie) 2\# 
(62) —rsu(— )- M,, k< up. 
KB y=1 by 6 
For o Sn, k<y, we have from (62) and (56), 
2. ae | xideer: 
i ater ee eH 
or, setting w=k-+1, 
(63) Due = Agi (FE) nei,laosn ’ 


where A >0 is a constant. 
For any fixed m, and n>m, the Taylor series for 


F,m(2) = log {12 (2) H(s a a} 


in | z| <bn.m differs from the Taylor series in (60) only in the 
lower limits on the two summations over pv: these limits will be 
m instead of 1. Then by (61), for |z| <Am"/@+) <d,.m, we have 


[Paa(e)|s Delta, +— 3 5} 
(64) 7 


oe Re ee 


p=k+1 KM v=m be 


Now by (63), 
1-3 

(65) Me ee 1susk, 
K y=1 Pn, 


where B is a constant depending only on m. Also by (63), for 
w>k+l, 
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bend 


1 n 
< — vl) 
M y=m Van A 
mH) do 


Ane edt 


1 rs 
< (m+ 1) (=n): 


Using (65) and (66), and (62) for »=k-+1, in (64), 


(66) <x gel tD dx 


| Fasm(2) | < 2 Bla lAse Misi| [#4 


u=1 


1 ss [2] \¥ ‘ 

+ (m+ ye. yee 

Now this estimate is valid and finite for | z| <Am6+) and is 

independent of m. Thus the functions f, (2)/[[™y (1—2/dn,») 4 

are uniformly bounded in |z| <}Am™+), By (63) the func- | 

tions [["™ (1—2/b,,») are also uniformly bounded in this same — 

region and hence, for any fixed m, the functions f,/ (z) are uni- — 

formly bounded in | z| <4Am"G+), Since m is arbitrary, the 
family { Ee 1s subuntformly bounded, and hence normal, in | z| 
<o. Finally, f,(0)=0 and therefore {f,} is a subuniformly 

bounded normal family in |2| <0. 
21. We can now apply II Theorem 11 with Corollary a to 


the sequence of maps from ¥,={|z| <«} onto G, and con- 
clude that 


(67) Suz) > f(a), n—> 0, 


subuniformly in |z| << and that w=f(z) maps |z| << one- 
one onto G' with f(0) =0€S; and f’(0) =1. Also f,! (z)—f"(z). 

We consider next the form of f’(z); for this purpose it is suffi- 
cient to work in | z| <6. Consulting the remarks between (57) 
and (58), we obtain 


(68) log fn (2) — log f"(z) 
subuniformly in | z| <6. If 


(69) log f’(z) = Si dyz", | z | <6 


SAT aii 
ta 
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_ then by (60) 

# pac sl 

(70) d, = — lim— >> w>k. 


_ Now f’(z)#0 and by Hurwitz’ theorem the zeros of f,/ (z) tend 
_ to the zeros of f’(z), which are real and positive and correspond 
_ to the algebraic branch points of G’. If the zeros of f’(z) are b,, 


(71) 0O< bs 5h4S+*- 3535 bar S>* 


where an mth order zero of f’(z) is represented by m consecutive 
equal 0’s, then 


(72) lim ee = b,, 1 


no 


IA 
= 


Also of course, since corresponding branch points of G, and G 
have the same order, 0,=0,4; if and only if b,,,=0n,»41 for all 
n>v. As a matter of fact, it may be shown by means of the 
known extremal domains associated with I Theorem 1 that 
bn 1b, as nt ©. But this fact is not required in the ensuing 
development. From (63) we have 


(73) b, = Ap (etD, A = constant >0,1S». 
Therefore 
acta | 
ry pe < ©, uw>k+1, 
v=1 v 


and by (70), for any fixed NV, and y>k-+1, 


Poceee (peer (4 1 
Bie ses ale Riese (-- ) 
i e b 2 bf nwo 2 be bes 
j a | 1 gn ghee 2 
= spb > oy ~) mT ew Cie 


where the last sum is derived with the aid of (63) and (73). The 
limsup term vanishes, by (72), and hence 


< 2 i pH Cath). == O(NI-#I C+D) = o(1) 
& pA* p= N-+1 


D Reta 
Bi 27 
Moyp=1 bY 


te 


ch 
~e 


a 
_ 


J , om 9 i. 
, for any fixed J 


h. Witae at 
ear peg hyn 
baie lim 1S 


a ete ee a 
4 ; so k+l) be k+ TGS bFO Aol 
iq Therefore Ame 
i | : a = <.— {fk een 

and ; 

3 cas “Sedge i 

eh) eae dir = — maT » = + Chay 

where “ 

(76) Cia SO. 


Combining (69), (74), and (75), 


k Ss os 12 1 
log f'G) = dat + ons? +5 #(-— 3 — 


(77) a w=k+1 KM y=1 be 
ba z 
= Dd dys! + cryiztt! + log [] E(=., e), " 
p=] v=] v 


where, as usual, 


(78) Ela, heal Seep ed oe 
i=1 J 


If q is the integer determined by 


(79) ys 


+. ae 
‘ 
~ 
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then OSqsk and (77) may be put in the form 


(80) log f’(z) = Det + log II 2 (= ‘), |z| <8, 
where 
Cu = dh, fori. Sas ¢, and 
PG Wa iye a forg<ywSk. 
Hmm OB 


22. Collecting the results of §§19-21, and in particular (76), 
(79), and (80), we have proved: if GE W*, k=0, then G is para- 
bolic and there exists a@ unique entire function f(z) such that 
w=f(z) maps | z| <« onto G with f(0)=0ES, and f’(0) =1. 
Furthermore f'(z) ts of the form 


(81) f@ = tol] a(=, ‘), 
where 
(82) 0< 4 S by41, Mesa e 
q ts determined by (79), OSqSk, and 
Ht 
(83) a(z) = >> Gat, Cy redl, Crz1 SO. 
p=1 


As yet we have insufficient knowledge to determine the pre- 
cise degree of 1(z). This information will be a consequence of the 
converse problem which we investigate next. 

23. Let f(z) be an entire function such that 

f(0) = 0, 
(84) f’(z) is of the form (81), and 
(79) and (82) are satisfied. 


In addition, let ¢20 and let 


(85) m(z) = >, Gs", Cy real, co ~ 0; 


u=1 
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for o =0 we interpret (85) as 1(z)=0. Let 
(86) y = max (o, g) = genus of f’(z). 


We wish to determine the structure of the Riemann surface re 
over @ for the inverse function f—!(w). Define f,(z) by 


(87) ee eT] E(=, ). net 


and f,(0) =0. Then f,(z)—f(z) subuniformly in | z| <o. Also 
(87) may be rearranged to 


(88) fi (2) = conto TT (1 = =), 
y=1 ¥ 
where 
g gh 7 1 YY 
pals) = w(z) + DY — DL = De dat 
p=1 KM y=1 a n=1 


Comparing these equations with (6), (7), (8), and (9) we see 


that, for 2 large enough, w=f,(z) maps | <o onto a Rie- © 


mann surface G,,@ Wy, where y is defined by (86). That dn. 
is not zero for »>m» may be proved as follows. If o>g, then 
dn,y =Ce¥#0, by (85). If g2o, then dy =de,ce+1/q D1 05% 
where 6,,, is the Kronecker 6; then by virtue of (79), d,,y7>+ © 
as n—o. Thus we have, for n>, 


(89) G.€ ies forq2zoorqg<o,ce,>0, 
: Ww. forq<4,¢ <0. 


Since f’(0) =1 and f,(z)—f(z), each f,(z) is schlicht in a fixed 
disc | z| <6 and, by I Theorem 1, each Gi contains a schlicht 


disc with center Q,€S; over w=0 and radius 6/4. Hence by II © 


Theorem 11, with Corollary a, [Gn; Qn] -[G; Q] and w=f(z) 
maps |z| < © one-one onto G. 


By a comparison of Theorem 1 with §§17 and 18 itisclear that — 


GEW*, for some integer R=0, and that OC S;. Now G can have 
at most as many finitely-affixed logarithmic branch points as 
Gn, because G,,>G’. Since G,, has exactly y such branch points 


- 
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_we see that kS¥. The question is then: how many of these y 
logarithmic branch points can “disappear” as n—>~? Such a 
“disappearance” occurs whenever the affix in question tends to 
c or whenever the corresponding logarithmic extension is at- 

tached “farther and farther out” on the surface, relative to Q,. 
For example, if the extension in question is attached to the mth 

sheet of the basic surface from which G, is constructed and if 
m— © asn—, then no corresponding extension will appear in 
the kernel G. In particular, if G,G@W 7 then the self-conjugate 
extension attached to S,4: in G’, will “disappear” in the limit 
and in this case kSy—1. By virtue of (89) this case occurs 
whenever g<o and c, <0. 

24. To restate the results of §23, if G is the image of | z| <0 
by w=f(z), where f(z) is defined by (84), (85), and (86), then 
GEWw*, f(0) =0ESi, and k satisfies 


Me forg2oorqg<o,¢,>0, 


90 
0) k=y7y-1, forg<c,¢< 20. 


But now that we know G'CW' it follows from §22 that gSk 
and oSk+1. Together with (90) these inequalities give: if 
7 =q2<0, then kSy =qSk and hence k=7; if g<o, c,>0, then, 
by (83), 7<k+1 and hence, by (90), y=oSkSy and therefore 
k=y; finally, if g<o, c,<0, then y=oSk+1Sy and hence 
k=y-—1. Thus the two inequalities in (90) may be replaced by 
k=y and k=y-—1. 

Finally, combining §§22 and 24, we have proved the funda- 
mental theorem of this chapter [13]: 


THEOREM 3. Let the classes, W*, of Riemann surfaces be defined 
as in §§17 and 18. Then GEW* if and only if G' is the one-one 
image of | z| <co by an entire function w=f(z) satisfying the 
following six conditions: 


(91) f0O)=0ES:, f'(0) =1, 
(92) f'(2) = e@ Il E(=, ‘); E as in (78), 


IIA 


(93) 0 <a ie = by445 1 
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a a ve » a Pair 

(95) r(z) = J Cus", Gy real, Co a 0, 

and, if y =max (o, q) ts the genus of f’(z), 
= =o Org <0, & > Vie 

ee i‘ = fe 1, a : ¥ G, rie 0. 


If « =0 then (95) is to be interpreted as 1(z) =0. 

For any fixed k=O the correspondence between W* and all 
entire functions satisfying (91) through (96), (with the given k), 
1s one-one. 

25. One way of summarizing Theorems 1 and 3 is that we 
have established a one-one correspondence between the union 
of all the classes Wx and W*, n=0, k=0, and the set of all so- 
called real entire functions, f’(z), of finite order with all positive 
zeros, and such that f’(0) =1. 

If we set k=0 or 1 in Theorem 3 we obtain Theorem 2 or 
[12, Theorems I and Ia]. 

26. The structure of G as related to the form of f(z) by © 
Theorem 3 enables us to determine the asymptotic behavior of | 
f(z) and f’(z). The procedure is the following: by Iversen’s I 
theorem (see I §9) the tracts of determination of f(z) correspond — 
to the singularities of G. Then by the form of f(z), as given by t 
Theorem 3, we can locate these tracts of determination fairly © 
accurately in the z-plane and also show that f’(z) has essentially 
the same tracts of determination. 

As we shall see, the sectors corresponding to the tracts of de- 
termination are not always separated by straight rays, and in 
such cases the use of G' leads to more complete results on the 
asymptotic behavior of f and f’ than we have been able to — 
derive directly from (91) through (96). The following theorem — 
summarizes some of the results derived in the rest of this — 
chapter. 


nx a wr | 


ae 


THEOREM 4. Let f(z) be given by (91) through (96), with k>0. 
Then there exist 2k curves Li, Ls, + + + , Lox, running from s=0 to 
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z= 0, which are disjoint except for the points 0 and ©, and which 
have the following properties: 
1° L; lies in 32=0, Li, Lo, +++, Lex progress cyclically in the 
positive sense about 2=0, and Lox+1-; ts the reflection of L; in the 
real axis, 1S7S2k. 
2° These curves L; have a natural connection with f(z) im the 
following sense: there exists a function p({) which maps the ¢-plane, 
cut along a segment (b, ~), b>0, of the real axis, one-one and 
conformally onto a domain D, of the z-plane, such that: (0) =0, 
Wy’ (0) =1, ¥(5) real for ¢ real, L, is the image of arg § = (27 -1)1/2k, 
and in Dz: f(z) =fn(f), where fr(f) is a function of the form 
(54, 55, 56, 57) with z replaced by ¢. 
3° Let T;, 1S5j7<$2k—1, denote that sector bounded by L; and 
Lj41 which contains no curve L; (does not contain the positive real 
axis, if k=1). Then f(z) and f'(z) have the asymptotic value © in 
T; for j=2,4,-- +, 2k—2; f(z) has a finite asymptotic value and 
f'(z) has: the asymptotic value 0 in T; ford #1573, *:@), 2k—1; 
These statements are to be interpreted according to the definition of 
I §10. 
4° Case a: ¢o>0, g<o=k. In this case, arg 2—(2j7—-1)r/2k 
as 2-0 on L;, 1SjS2k. Also the sectors Tj, 1 <7S2k—-1, 
represent all but one of the asymptotic tracts of f(2) and f’(z). Thas 
one remaining tract, for either f or f', may be represented by a 
telescoping sequence of domains mn | arg 2 <(r+e)/2k in which 
the function in question tends to ~. These domains are not simply 
connected and I §10 does not apply. This last tract of determination 
is associated with a singularity of G over w= © which may be de- 
scribed as “a logarithmic branch point complicated with a condensa- 
tion of algebraic branch points.” The other asymptotic values of 
f(z) are associated with logarithmic branch points of G. 
5° Case B: Ge <0,¢<o,k=0—1. Inthis case arg 2—(2j7+1)r/20 
as 2—> © on L;, 1<j 2k. Also, the sectors T;, 1Sj52k—1, repre- 
sent all but three of the asymptotic tracts of f and f’. These three 
further tracts are associated with the following asymptotic values: 
f and f’ both have the asymptotic value © 1m the sectors Ui and 
Uo,_1 and finite asymptotic values in Uo, where U; ts defined by 
(137). In this case the algebraic branch points of G condense to form 
a singularity of G over a finite point of W, this singularity being 


’ 
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associated with the asymptotic values in Up. All the other asymp- 
totic values are associated with logarithmic branch points of G. 
6° Case y:¢$q=k. In this case 


T,DVAO AV {\z2|}>MO}, €>0157 5 2k-1, 


where V;(e) is defined by (144) and the last sentence of §42. Further- 
more, this is the best that can be said as far as the oscillation of 
arg z on L; is concerned; a detailed formulation of this fact will 
be found in §A5. 

27. Asa preliminary we consider the classes Wy*, k>0, and — 
the associated functions according to Theorem 1. The situation © 
here is simple, but the results are useful in deriving the asymp- i 
totic properties of the functions occurring in Theorem 3, as is © 
clear from 2° in Theorem 4. Hence we consider these simpler 
classes in some detail. , 

For GE WS, k>0, G has no singularities except for & finitely- — 
affixed logarithmic branch points and k logarithmic branch 
points over w=, (see §10). By Iversen’s theorem (I §9) these — 
2k logarithmic branch points correspond to the 2k distinct tracts — 
of determination of f(¢). Here f is the function associated with G’ ; 
by Theorem 1. We shall replace z by ¢ in (6), (7), (8), (9), etc., 
since we wish to reserve z for later purposes. 

Let 2; denote the sector 


(27 — 1) (23 + 1)r 
(97) Ona Wire ine eee cies tae OS7 5 2k -1. 
For 0<e<7/2k, let Z;(€) denote the closed sector 
(idle iota Die 
(98) Y;(e): a pesagrs St, 


Wee) eee, 
Since GE Wh", c.>0 and by (6) and (9) we have: 
(99) |’) | < Ar exp (—m| ¢ |), 


6 €2,;(e), j =:1,3,5,°:>, 22 —ae 
and 


f°) | > Ae exp (m2| €]4, 
6 €2,(), f= 0F2, <->, 2h 


(100) 
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where Ai, Ao, Kk, Ke are positive constants depending on e>0. 


‘Hence for j odd (even) f’(f) has the asymptotic value 0() in 


'D;, in the sense of I §10. These 2k sectors correspond to 2k dis- 


tinct tracts of determination of f’(¢), and f’(§) has no other 
tracts of determination. This last statement may be proved in 
various ways. It follows from Elfving’s results [5] that the 
Riemann surface 3¢ for the inverse of f’(¢) possesses 2k log- 


arithmic branch points and no other singularities. Hence f’(¢) 
has exactly 2k distinct tracts of determination. Alternatively, 


the structure of 3C may be deduced by methods parallel to those 
used in the proof of Theorem 1, although 3¢ does not in general 
possess the proper sort of symmetry to belong to any class wt. 
The symmetry we have assumed became essential in the transi- 
tion from W* to W* which was accomplished by letting n>. 

Another method of proving that f’(¢) has no further tracts of 
determination is based on theorems of Lindelof. We shall use 
this method in §37. 

The asymptotic values of f(¢) are associated with these same 
sectors 2;. From (99) we have 


(101) f() aj ¥ © uniformly in Ze), 7 = 1,3,°°75 2k —1, 


where the a; are the affixes of the finitely located logarithmic 
branch points of G. By the symmetry of G, ox%-j= a; and the 
two tracts of determination associated with 2; and Zy_;, j odd, 
correspond to a conjugate pair of logarithmic branch points. 
More precisely, (101) may be replaced by 


wo) 
(102) yeep a+ ari), 
n’(¢) 
which holds uniformly as [7 © tn fie, Jel, Or | 3 ees 


The usual procedure of integration by parts will prove (102) as 
well as 


1) 
(103) {OE ae (1+ 0(|¢\), 
w'(S) 
which holds uniformly as [7 © in D,(6), 7=0, 2,° °°) 2k—2. 


From (103) and (100) we derive 


* 
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f(s) > ©, uniformly as ¢ > © in Z;(e), 


408) j=0,2,->+, 2k 2 


Hence, by (101) and (104), f() possesses 2k distinct tracts of © 


determination corresponding to the 2k sectors Z; and by Iver- 
sen’s theorem f(¢) has no further tracts of determination. 

28. From the analytic aspects of f(£) as given by (6) through 
(9) it is natural to think of the tracts of f or f’ as being repre- 
sented by the sectors 2;. From the geometric side and in view 
of the definition of a tract of determination a more natural de- 
composition of the {-plane may be obtained as follows. 

Let M>0 be a constant such that all of the finitely affixed 
algebraic and logarithmic branch points of G lie over | w| <M. 
Then the part of G which lies over | w| >M consists of k com- 
ponents, each of which is a logarithmic neighborhood of ©, i.e., 
that part of the Riemann surface for log w which lies over 
|w| >M. These k neighborhoods are bounded by k disjoint 
curves on G.. By the choice of M there is only one component of 
G over | ne M. Hence these boundary curves on G correspond 
to k disjoint analytic curves y2;, OS$jSk—1 in the ¢-plane, 
with the properties: 1) each y2; is a simple curve along which 
¢~—0 when y; is traversed in either sense, 2) yo; splits the 
¢-plane into two domains, A»; and E2; such that 


(105) Ol Se, “rea Fae 


and such that w=f({) maps A.; onto one of the logarithmic 
neighborhoods of © in G. The domains A,; are disjoint and 
the remaining domain, A* =! E»;, which is characterized by 


(106) Ifo) | <M, re At, 


is bounded by all the curves ¥9;. 

Now along any curve y, | F(¢)| = M, while the argument of 
f(§) varies monotonically and tends to + at the ends of y¥. 
Hence, by (99) and (100), y lies outside all the sectors 2;(e) 
for l¢ | >fo(e). Hence each end of y is asymptotic to one of the 
rays separating the sectors 2;. Thus each Ag; is “roughly” one 
of the sectors 22; in which f has the asymptotic value o. 
Precisely, if the As; are indexed properly, the ends of 72; are 
asymptotic to the two rays bounding 2; and 


, 
. 
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(107a) Salen cs) >a faG@eaeg AcmaAe e > 0 
-and 
(107b) = Aas V{ |e] > B} C2z(-6, B> Be, «>, 


where 2(—e) is defined by (98). 

In a similar fashion it may be shown that the k domains of 
the ¢-plane corresponding to small neighborhoods of the k 
-finitely-affixed logarithmic branch points of G' are asymptotic to 
the sectors 2;41. 

29. We now consider the structure of G'@W* and the cor- 
responding asymptotic behavior of both f(z) and f’(z), where 
f(z) is given by (91) through (96). 

As in §19 we may choose 1 so that all the logarithmic exten- 
sions of G are “hung,” directly or indirectly, onto the first +1 
sheets, Si, 52, °**> Sati, Of the basic surface CW”, (see 
§§17, 18). Let G, denote the corresponding surface of class 
W#*: that is, G, possesses the same logarithmic extensions as 
G, but the sheets S,, y>n+1, of 3C have been dropped. In 
§§19-24 we used a sequence of these surfaces G,,, but now we shall 
keep n fixed and use the properties, derived in §§27—28, of the 
corresponding functions f,() and fd (¢). Here f,(§) is given by 
(54) through (57) with 2 replaced by ¢. The symbols 2,;, Ay, 
A*, y; and M will have the same meaning as in §§27—28, but are 
now associated with f,(¢) rather than f(f). 

The interval (bn,n, +) of the real £ -axis corresponds to the 
interval (an, (—)"~!~) of the real axis in the sheet Snpy1 of Gy. 

~ Thus (bn,n, + ©) has just one intersection with a curve 72;, and, 
since (bn,ny + ©) C2Zo, this curve must be Yo. Also, by the choice 
of M, no curve 72; intersects the segment [0, ban] of the real 
f-axis. Let M be large enough so that 


(108) | dny| < M 


and let Danii be defined as the point of the real ¢-axis cor- 
responding to W=dny1GSn4i- Then the segment [dnn41, +) 
intersects Yo at ¢ =8, 6 real. 

The complete surface G is obtained from G,, by attaching 
that part, 5C,, of the basic surface 3C consisting of the sheets 
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Sania Snps ++ to Snir along the segment [an41, (—)*%) in 
Sri. As a result, the £-plane cut along the segment [On,nt1, + ©) 
corresponds to a part of the whole surface G. We shall denote 
this domain of the ¢-plane by D;, and the corresponding part of 
G by Gi; Gi is G, less a cut. Clearly D; contains all of the 
domains 2;, 740, As;, 740, and the curves 72;, 7#0. By virtue 
of (108), Ao/\D; has two components: Ag in 3¢ >0, bounded by 
vo, where y¢ consists of that half of yo lying in 3f >0, and the 
segment [6, + ©) of the real axis, and Aj in 3f <0, bounded by 
vo and the same segment of the real axis; yo is the reflection 
of yg in the real axis. 

30. As noted, G' consists of the two parts G, and &,. If 
f(z) is the entire function, as given by Theorem 3, corresponding 
to G, then the domain D, of the z-plane, corresponding to Gy’, 
is bounded by an analytic curve C which is symmetric about 
the real axis, intersects the real axis at 2=0,4; and has both 
ends at ©. Also O© D,. The other domain, H,, bounded by C 
corresponds to #,. The composite function 


(109) a= WS) = fal): ¥(0) = 0, ¥(0) = 1, 


maps Dy; one-one onto D,. Let the images in D, of the domains 
and curves 


Di, Aen van (j #0) and Bo, Ao, Yo, be 
v AS Do;, T's; (j cae 0) and Ee Da TS, 


respectively. Here Zf and Yj denote the sectors 0 <arg ¢</2k 
and —7/2k<arg <0 respectively. 

Corresponding to D2;, 7#0, G has k—1 logarithmic branch 
points over ©. G'also has at least one more singularity over ©, 
corresponding to the domains Dj. Over finite points G has, of 
course, the k logarithmic branch points which correspond to 
Tj,j7=1, 3, +++, 2k—1, and possibly one more singularity. 

The nature of these remaining singularities depends on the 
structure of 3,, that is, on the behavior of the sequence {a,} 
as p00, 

The curve I'g is part of a level curve Ag where | f(s)| =. 
Similarly, the curve Ig is contained in Aj. Let E~ be the cor- 


~~? 
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responding domains in which | f(2)| > M. We include in Ag (Ap) 
all curves bounding Ej (Eo); thus Ag may have more than one 
component. Also of course Dj CEj and Dy CE. 
31. According to the structure of G over © there are two 
cases to consider. 
Case I: sup, |a,| <0. The only restrictions so far on M are 
that it satisfy |a,| <M, 1Sv<n+1, and | x; <M, where the 
-a; are given by (101). We choose M so that 


(110) les eee {iS oe< co, 


is also satisfied. Clearly in this case Ef and Ej correspond to 
two logarithmic branch points of G over ~, Af is a single 
curve in 3z>0, one half being If and the other lying in H,. A 
reflection of Ef and Af in the real axis yields Eg and Ag. In this 
case the structure of G over is the same as that of the sur- 
face of class W**!'- obtained by adding a logarithmic extension 
to Gi in place of 3,. In the domain 


(111) Gia Hy Es Us) 


| f(z) | <M. We split case I into two subcases depending on the 
behavior of f(z) in G:z. 

Case Ia: 

lim a, = a4 # ©. 

In this case G' has a single singularity over w=a due to the alge- 
braic branch points of G, for just one of the components of G 
over | w—a] <e is infinite sheeted and contains all but a finite 
number of the algebraic branch points of G. For ¢ sufficiently 
small the corresponding domain of the z-plane lies in G,, and 
f(z) has the asymptotic value a in G,. This follows easily from 
I Theorem 5 and the fact that f(z)—7a as 27+ ©, 2 real. That 
f(z) is apparent from the structure of #, and a,—a. 

Case Ib. 


— o < lim inf a, < lim supa < ©. 


In this case G has no singularities other than the 2k+1 log- 
arithmic branch points already noted. For any other singularity 
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would be over a finite value of w, and this is clearly impossible 
since a, does not tend to a limit. Thus f(z) has no paths of de- 
termination in G,. Alternatively, this last statement is a simple 
consequence of lim inf a,<lim sup a, and I Theorem 5. _ 

Case II. lim sup |a,| = ©. Then, no matter how large M is, 
there exists NV such that |ax| > M, and the complete curve in G 
over | | = M which contains the arc corresponding to If will 
have no points in the sheets S,, »>N. In consequence Ig will 
lead to the same complete curve in G. That is, AJ =Aj, and 
E{ =E,. Considering the structure of 3C, we see that: E.=Et 
= E> is bounded by 1), acurve containing 'f and Tg, and 2), an 
infinite number of disjoint Jordan curves in H,. Hence there 
are no new unbounded domains in which f(z) is bounded and G 
has no finitely affixed singularities other than the & logarithmic 
branch points already discussed. There is just one more singu- 
larity over w= © which corresponds to the telescoping family 
of domains Ey) as Mo. This singularity is not a logarithmic 
branch point but is, so to speak, “a logarithmic branch point 
complicated with a condensation of algebraic branch points”; 
in the terminology of Iversen [9] this singularity is directly 
critical of the second kind. 

32. The sectors T; corresponding to the sectors 2; of Dr, 740, 
and Tj, Ty are associated with the asymptotic values of both f(z) 
and f'(z) in the sense of I §10. In case I, the domains Ef and Ey 
are associated with the asymptotic values © for both f(z) and f'(z). 
In case II both f and f’ have the asymptotic value © in the sub- 
domains Dj and Dy of Eo. 

33. We shall prove these facts and then consider the location 
of the sectors T; in the plane. 

That f(z) has the asymptotic values a; in the sectors 
T;, T3, +++, Tox, and the asymptotic value © in the sectors 
To, To, T2, Ts, +++, Tox-2, is immediate from (101) and (104), 
(these equations for f,, not f), for § =Y—1(z) maps all the sectors 
T simultaneously onto linear sectors. To show that f’(z) has the 
asymptotic value 0 or ~, according as 7 is odd or even, in the 
sector 7j, 1Sj752k—1, and the asymptotic value © in both 
Ty and Ty we use I Lemma 5. Since e<arg ¢<2r—e is con- 
tained in e<arg (€—bn.ny1) <247—€ we have 


> phar te eae aR Pee 
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0 
ELAS Sx r> 17, 0 <0 < 20, 


0 dz 
Ay? sin — < Fe 
2 d¢ 
where ¢ = re and A; and A; are positive constants. Hence 
1 6 1 6 
ee eee U U wets 4 aa U 
qe ql Ol < Ol <g ree glk Ol, 


-for r>ro. From the left hand inequality it is clear by (100) 
that f’(z) has the asymptotic value in THe Tag 
To._2. Similarly, the right hand inequality together with (99) 
shows that f’(z) has the asymptotic value 0 in Ti, Deo foe 
Here of course (99) and (100) apply to f,(¢) rather than f(¢ ‘es 

As for Dz, the boundaries of Tf and Dy agree along an infinite 
arc of C and, since | f(2)| = M, but f(z) does not tend to any 
limit as z2 onT‘, it is clear that Ig runs close enough to the 
curve separating Ty and 7; so that we may apply I Lemma 2, 
and hence both f(z) and f’(z) have the asymptotic value © in 
Df. Similarly, f and f’ have the asymptotic value © in Do. 

34. To prove that, in case I, f and f’ have the asymptotic 
value «© in Ef and Eo requires a different approach, for the 
mapping function y applies only to the subsectors Dt of E*. 
Consider Et ; the same procedure will apply to Eo . Let z= ®(W) 
map RW>0 onto Ej with the points at © corresponding. Since 
w=f(z) maps E¢ onto that part of the Riemann surface of log w 
lying over | | > M, it follows that 


f(z) = Mere", x a real constant. 


Then f(z) uniformly as Wo in larg W| <71/2—e«, and 
f(z) has the asymptotic value © in E¢. Also, by I Lemma 5, 


| #’(z) | = M| er | [|| > = eos Ock 28, 


for R>Ro, where A >0 is a constant and W=Re’®. Hence f(z) 
has the asymptotic value © in Eq, and we have completed the 
proof of the statements of §32. 

35. In case II, Eo is never simply connected and I §10 does 
not apply, although, as we have seen, it applies to the sub- 
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domains Dt. At any rate, we know from §31 that the sectors 
Ti, To, +++, Tx, together with E{, E>, and possibly G, in 
case I, or together with Ep in case II, represent all the asymp- 
totic tracts of f(z): that is, there is a one-one correspondence be- 
tween 7), - ++, T2x-1, etc., and the singularities of G. Although 
f’(s) has asymptotic values in the sectors 7i,--+, Tx1 and 
also Ej, Ey (Dg, Do) in case I (case II), we have not shown 
that these represent all the asymptotic tracts of f’(z). 

By using (92) we shall show that these sectors do represent - 
all the asymptotic tracts of f’(z) with one possible exception: in 
some cases f’(z) will have a finite asymptotic value in a tract 
whose paths lie eventually in G,, (see §§37, 43). The following 
procedure will also yield information on the location and nature 
of the sectors 7. 

36. Let 


(112) P(e) = TL 2(= ), 


where E is defined by (78) and {b,} and q satisfy (93) and (94). 
Then P(z) is an entire function of order p, and gSpSq-+1. Let, 
as usual, 


(113) n(t) = maxy, . 0 St. 
bySt 
Then [17 pp. 206-216] n(¢) is of order p, and in particular, 
t 
(114) fie ee 
to tatl 
ge el say aa 
115 ( | 
ais) f S-@tof a-Y <=, 
and 


(116) fin — =, i, = dt = «, 


Also, if M(r) is the maximum modulus of P(z), then [17, p. 216] 


(117) log M(r) < Kn( [= a [4 a it), 
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where K is a constant depending only on g. It follows from 
(117) that the order of P(z) is $ the order of m(¢). The follow- 
ing result is weaker, except when p=q-+1, and is a simple conse- 
quence of (114), (115), and (117): 


(118) log M(r) = o(r2*4), r—> oo, 
Now P(z) #0 in arg 20 and 


log P(z) = fo doe (1 cS =) pas Sure Me =} an(), 
0 t t git 


where both logarithms are determined in 0 <arg z<2zm so as to 
vanish at z=0. Integrating by parts and using (114), 

oo goth 
(119) log P(z) = i n(t) ae ae dt, arg z ~ 0. 
If g=re’*, then taking the real parts in (119) we find 


(120) log | P(re*)| = A(r, 8) cos go — B(r, 8) cos (q + 1)8, 


where 
= n(t)dt 
21 A(r, 8) = a f , 
tet) rey, 9 tat 1(42 — 2rt cos 8 + r*) 
: n(t)dt 
122 B(r, 0) = ef 
p) pe eed 9 49(42 — 2rt cos 6 + 7’) 


We shall be concerned with the growth of A(r, 8) and B(r, 6) 
as r—> with 90 fixed. For this purpose we introduce 


(123) A(r) = ree fo eee 
0 1 des oe + t?) 
and 
* t)dt 
(124) B(r) = on f __nlidt 5 
> tr? + P) 
Since 


ame + £)(1 — cos #) S$ 7? + # — art cos 8 < 2(r? + 2), 
4 


ee ae Ns 


we have .* oy lane 
(125) AG 8) = @4(r), 


where 


i 1 6 ; J : , fn a 
(126) “ S 0; S csc? oy O—eeoe 2r, + =; 2. 
Thus the growth of A(r, @) and B(r, @) is essentially the same 
along all rays #=const. in 0 <6 <@< 22 —6. For an estimate | from: 


above we have 


(127) A(r) = ofr), B(r) = o(re*"), r— a 


Namely, ‘ 


r n(t)dt ° n(t)dt 
4037 eee 


and by (114) and (115), 


A(r) = r%-o(r) + rett—o(1) = o(rt), 


The second relation of (127) may be proved similarly. Actually 


A(r) and B(r) are of the same order, p, as m(r), but this fact 


we shall not need, whereas the Jittle o in (127) is important. 
For an estimate from below we need some degree of uniformity: 
that A(r) is of order p is not good enough. For this purpose we 
introduce 


(2 a f OE, aye f OF. 


tat t@ 
It is easily verified, using (114), (115), and (116) that 
(129) mi(r)T ©, alr) To, asrto, 
© dur(t ee t 
(130) UNG f dux(t) -f ee a 
r 0 t 0 i 
and 
© dust 
(131) Was, f a(t) -2f H(t) ee 
r2 0 #? 0 8 


| 


oe 
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It is also easy to prove that wi and pe are of orders p—g and 
p—q-+1 respectively. Using (123), (128), and (130), we find 


A(r) = ros f fe dat) = re fo ee 2tdt 


Pe fo) 
= rt ua(r) thas se : — pi(r)r?. 
poe P+e2 2 
T reating B(r) in a similar Beek we have 
(132) A(r) = gmi(r)r2, Br) 2 gua(r)r™. 


Collecting the results of (120), (125), (126), (127), and (132), we 
have 
(133) log P(z) | = o(r*1), uniformly in0 <6 $0 S 2a — 4, 
and 

A(r, 6) 2 gm(r)r’, 
(134) 

B(r, 0) 2 iuo(r)r2. 


37. In considering the asymptotic behavior of f(z) and f’ (z) = 
e*®) P(z), where f(z) satisfies (91) through (96), there are three 
cases to consider: 


a) g<o, GU |) roe 
B) g =< oe, (eae k=o-—1, 
7) q24, k = q. 


Case a) and @) are simpler than 7) and we dispose of them first. 
If g<o we have by (133), 


log | #’(re*) | = cgr*-cos.08 + o(r), 
BS) eae indS5605 27 —5,6>0, 
and by (118), 
(136) log | f’(re®) | < cr? cos 8 + o(r’), all 6. 


We define the linear sectors U by 


wit) Ug: (2j — 1) < args < Qi+ > Vse4 = fo 1; 
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and 
= us 
(138) Us: O<ars<: Uo: —~-— < argz <0. 
20 20 


It follows from (135) that: 

in case a), He) has the asymptotic value 0 in each of the 
sectors Ui, U3, +--+, Uses, and the asymptotic value ~ 1m each of 
the sectors Ut, Up, Us, Us, - + +, Une_2, while 

in case B), f’(z) has the asymptotic value 0 in each of the sectors 
Uo, Us, - ++, Uses, and the asymptotic value ~ in each of the 
sectors Uy, U3, +++, Uses. 

In both cases the specified asymptotic values are representative of 
all the asymptotic tracts of f’(z). In case a) Ug and Ug arise from 
the same asymptotic tract of f’(z). Namely, if there were any more 
asymptotic tracts of f’(z), then there would exist a path [ 
along which f’(z)—a as z— ©, and I would be asymptotic to one 
of the rays separating two of the sectors U, that is, (arg z on I’) 
—(arg zon ray) as z— «©. We shall suppose for the moment that, 
for case a), this ray is not the positive real axis. If a# ©, then 
an obvious application of I Theorem 7 followed by I Theorem 6 
proves that a=0 and T belongs to the tract represented by the 
adjacent sector U in which f’(z)—0. If a= ©, we apply this same 
argument to 1/f’(z), which is holomorphic in a sector about the 
ray in question since the only zeros of f’(z) occur on the positive 
real axis. In case a), if I’ is asymptotic to the positive real axis 
and | f’(2)| <A onT, then applying I Theorem 7 to I and 


argz=m/2o-+e or argz = — 7/20 —€ 


we would have f’(z) bounded in Uo, which is impossible. It fol- 
lows that Us and Up are connected with a single asymptotic 
tract of f’(z). 

38. In cases aw) and 8) the sectors T of §32 are approximately 
the sectors U. Let L; be the curve separating Tj from Ty, 
for j7=2, 3,--+,2k—1, and let L; separate Tj from T; and 
Lo separate T2,1 from To. That is, by §30, 


(139) L; = image of {args = (27 — 1) zt by z = y(f). 


| 


| 


i li 
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Then: 
in case a), T;~U;,j7=1, 2, +--+, 2k—1, by which is meant: 


arg —> (27 — 1)r/2k asz— © on Lj, 1S 9 S 2k. 


Also f(z) has the same asymptotic value in U; that it has in T;: 
aj;A~ © forj=1,3,---+,2k—1, and © for j=2,4,---, 2k—2. 
Finally, the corresponding surface G falls into case II of §31, 
that is, lim sup | a,| =o, and the sectors Ti (or Dj), in which 
f(z) has the asymptotic value ©, arise from the same asymptotic 
tract of f(z). 

In case 8), Tjy~Ujy, 15j782k—-1; that ts: arg 2 
—(2j+1)r/20 as 2% on L;, 1SjS2k. Also f(z) has the same 
asymptotic value in Uj41 that it has in Tj:0,4 © forj=1,3,--°, 
2k—1, and ~ forj=2,4,---, 2k—2. Finally, the corresponding 
surface G falls into case Ia of §31, that 1s, lim a,=a¥ ~, and 
Ej ~U,, Eo ~U x= User, and G,~U>. Both f(z) and # (z) have 
the asymptotic value © in Uy and Use, while f(f’) has the asymp- 
totic value a (0) in Uo. 

39. In what follows we shall say that the curve L ts asymptotic 
to the ray arg 2=0o if and only if arg 2-6) as 2 © on L. We 
shall now prove the results stated in §38. We start by consider- 
ing case a). Introducing again the ¢ -plane by means of (109), it 
is clear from the asymptotic behavior of fn (f) in the sector Lj, 
as given by (99) and (100), that there exist level curves J; on 
which fi (o)| ={ and such that // is asymptotic to the ray, 
arg ¢ =(2j—1)/2k, which separates 2; and 2;, 1 <j<2k. It fol- 
lows from I Lemma 5 that 


(140) 0<4A,<|f)|<4.[s), cEu,1S78 2, 


where A, and A; are constants. Now from (135), (5S) andi $7), 
together with (102) and (103) (which apply to fn({)), we see by 
considering the growth of f(z) and f,(¢) along the negative real 
axes that 


(141) lim ALO, e> 0, 


as (> on the negative real axis. For instance, if 6>0 and 
k =a is odd, then for |< >r, and ¢ <0, 
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exp (— | 2|*#*) <| fe) — ax| =| fal6) — on | < exp (—| 5 |), 


and (141) follows. A similar procedure applies when & is even. 
Now z=/(f) is schlicht and (0) =0; hence ¥({) is bounded away 
from 0 in 0 <@)Sarg (+1) S$27—4o. By asimple application of I 
Theorem 5 to ¢/[W(¢) ]!+* we see that (141) holds uniformly in 
any sector 0<0)Sarg §S21—6. Thus by (140) 


0< 4, <|f'(z)| < As] 2|’, zEL}, 


where L/ is the image of 1} by z=y(f). It follows from (135) 
then that L/ has the ray arg z=(2j7—1)m/2k as an asymptote. 
But // and arg ¢=(2j—1)m/2k are asymptotic and it follows 
from I Lemma 6 that L/ and L; are asymptotic, and hence that 
L, is asymptotic to arg 2=(2j—1)m/2k. It should be pointed 
out that this proof is not extraneous. Namely, we know to start 
with that f’(z) has asymptotic values in the sectors T; and Uj, 
but this along would not be incompatible with having arg z 
oscillate rapidly between (2j7—1)7/2k—e and (27—1)z/2k+€ on 
L;. This is clear by virtue of I §11. 

We already know that f(s) has asymptotic values in the 
sectors T;. That f(z) has the same asymptotic values, a;, in U; 
is clear from (135) for 7 =1, 3, - - - , 2k—1. For 7 even, when the 
asymptotic value is ©, it follows from I Lemma 3 that f(z) has 
the asymptotic value © in any smaller linear sector contained 
in U;, and hence has the asymptotic value © in Uj. 

40. To prove that G' falls into case II: if not, f(z) would be 
bounded on the positive real axis, and applying I Theorem 7 
to the sector 0<arg 2<7/2k+e, f(z) would be bounded in Us, 
which is impossible, for we already know (§32) that f(z) has 
the asymptotic value © in both Tj and 7), and since LZ; and 
Lx, are asymptotic to arg z=7/2k and arg z= —7/2k respec- 
tively, Tf and To are approximately inside Uf and Uj. This 
completes the proof of the proposition of §38 for case a). 

41. In case 8) the proof is essentially the same except for the 
proof of the statement commencing with “Finally.” To prove 
that G falls into case Ia we use (136). in Uo. Since c, <0 it fol- 
lows that f(z) has a finite asymptotic value a in Uo, and in 
particular, f(z)—>a as z— on the positive real axis. Hence we 


baa) hae”) “I Oe > 
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have case Ia. Now If and Ag, bounding Ef must lie eventually 
in 


T 3 
(142) ——e<argz<—+e, 
2o 20 


where ¢ is any positive number. For clearly Ui and Ej are asso- 
ciated with the same asymptotic tract of f’(z). Also | f(z)| =M 
on rf UAg and M was chosen larger than the modulus of any 
finite singularity of G. Thus if fy UAg had points outside of the 
sector defined by (142) for arbitrarily large | 2| , we would have a 
contradiction, for f(z) has finite asymptotic values in Uo and 
Up. 
We must also show that Af lies eventually in 


T fi T ie 
SS ar <5 
2o ; cae 2o : 

for any e>0, and similarly that Tg is asymptotic to arg 2 
= 31/20. The method we use to prove this depends on the fol- 
lowing lemma. If G falls into case B) and sf f(%0) is any pont of 
G such that | f(80)| =M, then there exists a curve x on G, joining 
f(%0) to f(0) such that 


length (x) $A < %, 


where the length of x is measured, in the metric of the w-plane, on 

and A is a constant depending only on M. 

Let A: | w—f(zo)| <R be the maximal schlicht disc in G with 
center f(Z0). Since all the finitely-affixed branch points (algebraic 
and logarithmic) of G' lie over a fixed disc | | <Ro, RSERot+M 
and A has at least one of these branch points on its cir- 
cumference. If there is a logarithmic branch point on this 
circumference, then there is a fixed path in G joining it to f(0) 
and of length <B. We then use this path and a radius of A and 
join the two by a spiral of sufficiently small diameter about the 
logarithmic branch point so that the resulting x is of length 
<R+B+1<R)+M+B+1. If there is an algebraic branch 
point on the circumference of A then we use the radius of A 
ending at this branch point a, together with the curve in G 


corresponding to the nae 0 
resulting x is of length 


. ert [alan 


This integral is a finite constant by virtue of (136) and <0. |} 

Since RS Ro+M this completes the proof of the lemma. 
If now {z,} were a sequence of points on 'f VAG, the bount9 

ary of Ej, such that . oe 


basa ine 3 | Se 
Sat ar, gees = Te € ’ 
20 : 6 20 


and z,—, then by (135) 
\ ’ = si | _ G€ 
og | f@)|2—> Go| 77 sin ; 


in |z—2,| <1, for ~>m. Any curve x joining f(0) to f(z) 
would then be of length 


oe 


“4. 
2 exp {lel (|2.| — 1)¢ sin 


we would have a contradiction of our lemma. This shows then 
that f(z) has the asymptotic value © in U; and that Ef ~U,. 
The same procedure works on Us,_-1 and Ej. This completes the 
proof of §38. 

42. We are left with case y), g2o, k=q, to consider. As we 
shall show, the curves L; may have definite wobbles in this case 
and not be asymptotic to any ray. Our starting point here is 
(120) and (134). We obviously look for the linear sectors of the 
z-plane in which cos g@ and cos (¢+1)@ have opposite signs. 

If g=0 there is just one such sector: 


But this expression tends to © as n>, and, since | f(2n)| =M 


3 
(143) Wy: Seba 0 fd! acee ee! meee 


ms 


eal a Os ate 
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If g>O then the sectors in which cos g9 cos (¢+1)6<0 are 
V;, OSjS2q, where 


2aj+1 
a 


i: Vey Ss ¢= 1, 
alga") 2q eae 
Dat A 2 
piney be ges gine tay, 
2(q + 1) 2(q + 1) 
7 — 1) (27 + 3) 
Ve < 6S) 1s ec2e. 
j 29 (q+ 1) Ga j q 
Also 


(145) (—)icosg@>0, (—)#* cos (g+ 1)6> 0, 
inv, a7 = 2q. 


The sectors V; and V2,_; are switched by a reflection in the real 
axis. As for the sectors between the V’s, let Vj be the sector 
between Vj; and V;, 1<j<2g, and let Vo be the sector be- 
tween V2, and Vo. Then 


(146) (—)icosg9>0, (—)icos(g+ 1)6>0, 
inVj,0 Sj S29. 


If w; is the angular opening of V; and w} that of Vj, then 


T T 
147 en 4 eG a | By = 
(147) Oo; same jAQ TO Raa 
and 
vis 
(148) ue Ee Ae 740, and wo = : 
ae a gt 


Finally, if V is the sector a <0<B, we denote the sector a+e 
<0<B—e by V(e). 

43. For the sake of simplicity we shall assume that g>0. Since 
go, 


*)7= O(| |), 


log | er) | = O( 


4 
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and we have, by (120), (129), and (134), 


€ 
log | f’(re#”) | = = ua(r)r4, 


(149) 
re? Se V;(6), r= Ta; j =10, 2,4, +54, 2q, 
. and 
é ge 
log | f’(re®) | S — — wi(r)r4, 
as g | f’(re'®) | ra 


re® C V,(6), rZ2fo, j= 1,3,35,-°4, 29 


Hence f’(z) has the asymptotic value » (0) in V; for 7 even (odd). 
Using I Theorems 7 and 6, (147), and (148), it may be readily 
proved, in a fashion similar to §37, that f’(z) has no other 
asymptotic values with the possible exception of a finite asymp- 
totic value occurring in part of Vy. Comparing this result with 
§32 we see that: V; and T; are associated with the same asymp- 
totic tracts of f’(z), 1Sj<$2q—1, and Vo and V2, are related to 
Df and Dj, respectively, in the same fashion. 

44. Let the curves L; separating the T; be given by (139). We 
show next that L; eventually stays inside Vj(—e), where e is 
any positive constant. The method is that of §39, using the same 
i} and L/. Equation (140) is still valid. Using (120), (130), 
(134), (55), (57), and the fact that f’(z) is real on the negative 
real axis, we have, in place of (141), 

| Z |otite 


(151) lim ——_—- = », e>0, 
re [ele 


uniformly in 0<éSarg ¢<27—5. Thus we have from (140) 
0< Ai <|f'(2)| < Aol 2/4, 7D 1s 7 Ske 


By comparing this with (149) and (150) we see that L/ runs 
inside Vj(—e) for | z| sufficiently large. Now /} is asymptotic 
to arg ¢=(2j—1)m/2k. It follows from I Lemma 6 that for 
z| >ro, 2GL;, there exists 2’€L/ such that | 2’| >ro/2 and 
arg 2—arg 2'| <e. Thus LZ; runs inside V(—2e) for | 2| suffi- 
ciently large. 


ee ee 
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45. To summarize, in case y), if g>0, then there exists r(€) for 
e>0 such that 


Vi Oite| > rl)} GTi SS ee 


Also, f(z) and f'(z) have the same asymptotic values in V; that 
they have in T;, 1SjS$2q—1. This last property of f(z) follows 
easily from I Lemma 3. 

If q=0, Vole) lies eventually inside T and f and f’ both have the 
asymptotic value © in Vo and To. 

As to the oscillation of arg z on L; and the question of how V; 
is divided between 7;_1 and Tj, all extremes may arise. Namely, 
for any given q>O0 there exist three functions fi(z), fe(z), and 
fa(2) of the form (91) through (95), with oq, such that: 

1° For fi(z) the sectors T;, 18 j<2k—1, are asymptotic to the 
sectors in which cos gO has a single sign, that 1s, L; is asymptotic 
to arg 2=(2j—1)m/2q, 157 S24, and both f(z) and fi (2) have the 
same asymptotic values 1m 


T tg 
(27 — 1)— <argz < (249+ hie 
2q 2q 


that they have in T;, 1SjS2q— lf 

2°. For f2(z) the sectors Tj, 1<j<2k—1, are asymptotic to the 
sectors in which cos (¢+1)6 has a single sign, that is, L; 1s asymp- 
totic to arg g=(2j+1)r/2(q+1), 1<j<2q, and both fr(z) and 
fé (2) have the same asymptotic values 1m 


Tv T 
; 1) —————-_ < Fae NO) FS 5) ea soar 
ips erp aeiryetient hei q+) 


that they have in Tj, Ve Seg is 


3°. For fs(z) the sector T; contaims no linear sector larger than 
V;. That ts, 
(27 + 1) 


152a lim Supears § = 
( ) zoe ze L; 2(q + 1) 


and ‘ 


ys 
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we, (27 — 1)r 
(152b) lim inf ‘arg s = —————» 
20 ,2E L; 2q 


while similar relations hold for g+1SjS2q. The property ex- 
pressed by (152) may also be stated as follows: for any e>0, L; 
contains infinitely many arcs which join the two rays bounding 
Vj‘(e) and all but a finite number of these arcs are contained in 
|z| >ro, for any ro>0. 

46. In constructing these three functions we will take o=0 
although this is not essential. 

For fi(z) we may use any function given by fi (2) = P(z), P(z) 
being given by (112), such that 


A(r) | 


Sa eas FAVA 


where A(r) and B(r) are defined by (123) and (124). For by 
(120), (125), (126), (134), and (153) we have 


log | P(re®)| = 4A(r) cos g — m, cos g8 > 0, 
and 
log | P(re**) | S$ 4A(r) cos gO + no, cos g@ < 0, 


where 7 and 72 are uniformly o(A(r)) in 0<eS@S27—e. Re- 
placing (149) and (150) by these two inequalities and then 
proceeding as before, with the method of §44, it is readily 
proved that f1(z) has the property 1°. 

In a similar fashion, any fo(z) given by fz (z) =P(z), which is 
such that 


(154) lim =x Q, 


will have the property 2°. 
Finally, any fs(z) given by f3 (2) =P(sz) which is such that 


= 0, 


a 4 
(155) lim inf =O, Siete es 
B(r) 


tT 0 E i r— 00 (r 


<< ery ee 
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will have the property 3°. For, taking account of §45, it will be 
sufficient to show that 


247+ 1 
(156) lim sup argz2 ig Ug 


? 1 s ] = ’ 
270 ,zC L; 2(q + 1) 4 : 


in order to prove (152a). Now, if (156) were false for a given J, 
then there would exist a linear sector V’C V7 such that 


VON Sere CO Ty 


By I Lemma 3, f3 (2) would possess the same asymptotic value 
in V’ that it has in T;. But cos g@ and cos (¢+1)@ have the same 
sign in V}#, and by (155), (120), (125), and (126) there exist 
two sequences of points, {z,} and {z/}, on the bisector of V’ 
such that as nN ©, 2,2, 2/2, f3 (2,) 0, and fg (2: )>@. 
Thus fi (z) can have no asymptotic value in V’. Therefore the 
assumption that (156) is false leads to a contradiction. The proof 
of (152b) is similar. 

47. We are left then with the problem of constructing three 
examples for each g>0, one satisfying (153), one (154), and one 
(150 ji 

We note first that if m(t) 20 is any increasing function, de- 
fined for #20, such that 


re t)dt ee t)dt 
(157) al < 8, mit) = Cal. 
0 


prt? 0 part 


then n/(t), defined by n(t) = [m(t)], satisfies (115) and (116). 
Also it is easily verified that 


2 n(t)dt o mt) dt 
(158) f ar ~f eee f= Ee, 
o _este(p? + 2?) 9 — étta(r? 4 7?) 


for n=0 and n=1. 
48. Example of 1°. Set 


— 0, = 
we ‘a eg. 
Then m(t) satisfies (157), and by (158) 


and (153) obviously follows. 
49. Example of 2°. Set 


ae OSt<e 
me Veet (log 1-4, est 


Then m(é) is increasing and satisfies (157). Also, by (158), 


2 dt 
~ rete ee s 
A(r) r a (r? a £2) (log t)? by 


2 is dt + rf" diuas 
4 e (log t)? e  AQlogd* ; 


% 


oo 


No 


WwW 

5 at vr ‘id dt 

allt eae. Se E 
J ¢ (log #)? <f dae Bri HW Cink ea 


and 


ie dt ae drm Beaten 
, #(log t)? + log r)? Si ere Ae ie 


Therefore 


A(r) = O(r**t(log r)~*), rs, 
On the other hand, | 
3 tdt 1 i= dt 
Ome [or | 
» + F)log te .  U(log #)? 
yotl . 
aa log r 


Consequently 
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A(r) ( 1 ) 
— (6) ‘ r—> ©, 
B(r) log r 
and (154) holds. 


50. Example of 3°. Let {X,} be a sequence of positive shane 
bers such that 


(159) feat ges he re hy a 
and define yu, and a, by 


(160) Bn = 2"e, n= 1, 
and 
(161) ae agi = ease casa o > 1. 


We choose {i,,} so that the following four conditions are satis- 
fied: 


(162) Mes Bee hs, nz=1, 

(163) Pe tees We tig n>, 

(164) Mane n= 1, 
vent 

(165) se pote n=1 


2 
vo=n+1 rp nN 


That such a choice of {An} is possible is not difficult to prove; 
for example, it is easy to show that all four of these properties 
follow from the single condition. 


Lo Serpe eae 8 
Let m(t) be defined by: m(t) =0, for 0<t<)\,=1, and 
sin, hn StS hn, nS 1, 
(166) m(t) = / 
a,t!, fips, RS ntl) 1% eels 


By (162) this definition makes sense, and by (161) m(t) is con- 
tinuous at the points f=pn, n21. At the discontinuities of m(t) 
we have by (163) 


J/alhiie': 
YdalUuCs 
Alt 


by 
M() = 4, Mes 


| we have 

z ° m(t) dt © Uijd 2. pst ee 

i m(t)dt af (dt >> p7Allndy 

0 fat? . 0 jgt2 a ‘<. i a 

6 ela 10 Des 
e< wha OX ieee 
- n=1 

i by (164). Also, for £21, m(t) 2#%, and therefore the conditiens’ | 
(157) are satisfied. Now, by (158), asm, a | 


abet. 2 = M(t)dt 
Ate tt? m(t) 20 
yan. aha Hn, + 2) J tH1(Xn + 2) 


An 95s a oO” ee 
Peay Od ae Ba eee f i 
r=n 


1 


= 00) + 00) + o(xs* = se) 


v=n+1 


Using (165) we have 


q+1—1/n 


(167) A(An) = O(An 
On the orer hand, 


oes: n> ©. 


BO) A yt © m(t)di i Sd Rs: m(t)dt 
PN 


£2(X, + 2?) tat2 
q+1 “tins ) as 


Net 
oar nr 


wee 


)= 2m 


es a 


Comparing this result with (167), we have 


ek Wi 2 a 
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(168) lim inf BO = 


Te 
In the opposite direction, we consider r=. Then 


m(t)dt 1 un m(t)dt 
Age) ~ df (2) a ad) (2) 
0 Hd + PB) + i?) Dy, jotl 


~ and by (166) and (162) we have 


(169) Aun) > $dntin’ 10g Un. 


Also, m(t) S@nt* for ¢<Vn4y1, and 


a2 (~ m(t) dt 
B n) “ Mn 2 eee 
con) ~ ae J RGR +P) 


Ant1 dt 
2q+2 
< Onbin alk dt + dntin te rr, 
Bn 


C) PN 
Qq+2 y+i M(t)dt 
be lene 


oo 
2q+2 —1/» 
<< a + Onbin, ah is Bea Soa) agree 


v=n+1 


Then by (164) 
Bun) = O(dnbtn )s 


and comparing this result with (169), 


tT 0 


(170) lim sup BW) 


But (168) and (170) constitute (155) and the proof is complete. 
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